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1. Introduction. The problem of Bolza can be described briefly as 
the most general problem in the calculus of variations for which there 
exists at the present time a theory of relative maxima and minima 
that is comparable in completeness to those of the simpler problems 
in the calculus of variations. This completeness has been brought 
about in the last few years and it is the purpose of the present paper 
to discuss in some detail the results that have been achieved and the 
methods that have been used in obtaining them. It is impossible to 
give here an adequate discussion of the various aspects of the problem 
of Bolza. Nor is such a discussion necessary, inasmuch as three ex- 
cellent reports have been given already which were concerned in 
whole or in part with the problem of Bolza. The first of these reports, 
given in 1936 by Professor Bliss [14],! is devoted to the study of the 
evolution of problems in the calculus of variations and, in particular, 
the evolution of the problem of Bolza. Professor Bliss pointed out 
that even Euler and Lagrange formulated problems that are of essen- 
tially the same generality as the problem of Bolza. Moreover, they 
derived in a formal way the Euler-Lagrange equations that the solu- 
tions of the problems must satisfy. The second report was given in 
1937 by Professor Reid [17] and was concerned with boundary value 
problems and their relations to problems in the calculus of variations. 
In particular, he pointed out the various relationships between the 
problem of Bolza and boundary value problems. The third and final 
report was given in 1938 by Professor McShane [22] who outlined the 
progress that had been made in the calculus of variations during 
the preceding twenty-five years. Here the essential achievements 
in the theory of the problem of Bolza were described but nothing 
was said as to how these results were obtained. It is the purpose of 
the present paper to discuss certain interesting and important aspects 
of the theory of the problem of Bolza that Professors Bliss, Reid and 
McShane of necessity had to omit or describe inadequately in their 
reports. In particular I shall describe to you the basic ideas involved 
in the sufficiency proofs for relative minima. The progress made in 
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the technique of sufficiency proofs not only has enabled us to obtain 
better sufficiency theorems but also has in a sense unified the suffi- 
ciency proofs of the fixed end point problems and the variable end 
point problems. 

There are certain phases of the problem of Bolza that I too must 
omit in the present report. I shall not discuss the parametric case; nor 
shall I have the occasion to describe the Hamilton Jacobi theory and 
the interesting approach to the theory of the problem of Lagrange 
made by Carathéodory. I shall not describe how the theory can be 
modified so as to take care of discontinuous solutions and many prob- 
lems that are essentially of Bolza type. Finally I shall omit the im- 
portant topic of existence theorems for the problems of Bolza and 
Mayer developed by Graves, McShane and others. References to 
these and other topics can be found in the papers listed at the end 
of the present paper. 


2. Formulation of the problem. The problem of Bolza can be formu- 
lated in a number of ways, each of which has its peculiar advantages 
and disadvantages. One of the most useful formulations is the one 
given by Professor Bliss [4] in 1932. This formulation closely re- 
sembles the original one given by Bolza [1] in 1913 and can be de- 
scribed briefly as follows: Consider a class of arcs 


(1) yi(x), S 1,:-- 
in (xy; -- - Yn)-Space satisfying a prescribed set of differential equa- 
tions and end conditions 

(2) $,(x, y, = 0, vy=1,---,m<n, 
(3) (x1), x2, y(x2)] = 0, pwi,---, pS + 2. 


We seek to minimize in this class a function of the form 


(4) I = y(x1), x2, + 


The case when g=0 is the so-called problem of Lagrange and when 
f=0 we have the general problem of Mayer as formulated by Bliss. 
These three problems are equivalent in the sense that each can be 
transformed into either one of the other two types. Of the three prob- 
lems, the problem of Bolza appcars to be the most convenient. 

The formulation of the problem of Bolza just described has been 
one of the most popular ones in recent years and for many purposes 
it is the most convenient one. However, there is a second formulation 
that appears to be more useful for the purposes of the present report. 
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It is a modification of one given by Professor Morse [3] and can be 
described as follows: Consider a class of arcs 


IIA 


(5) an, ¥i(X), 
in axy-space whose components a, are independent of x and which 
satisfy conditions of the form 


(6) ¢,(a, x, y, y’) = 0, y=1,---,m<n, 


We seek to minimize in this class a function of the form 


(8) T= + flo, 


This formulation differs from the one first described in that certain 
components of our arcs, denoted by as, are known to be constants. 
If we consider these constants as functions a(x) satisfying the differ- 
ential equations a; (x) =0 and if the a’s appearing in the functions 
x:(@), yis(a), g(a) are replaced by a,(x:), the problem becomes one of 
the type formulated by Bliss. On the other hand, the first formulation 
can be transformed into one of the second type by a simple device. 

I remarked a moment ago that the formulation of the problem of 
Bolza just described is a modification of one given by Morse. It differs 
from the one given by Professor Morse in that we have introduced 
the parameters a, in the functions f and ¢,. Although no generality 
is gained by this change, it has been made for the following two rea- 
sons: In the first place in the study of Mayer fields one is led in a 
natural way to the study of an auxiliary problem in which the param- 
eters a, appear in the integrand. Thus by introducing these parame- 
ters in the original integrand one is able to apply at once to the 
auxiliary problem the results previously obtained. This procedure is 
analogous to the one introduced by Bliss in the study of the second 
variation and simplifies the arguments that have to be made. A sec- 
ond trivial advantage is that the class of problems that are immediate 
special cases is enlarged, although the class of problems that can be 
transformed into one of Bolza type is unaltered. 

No discussion of the problem of Bolza would be complete if it did 
not include a consideration of the isoperimetric problem of Bolza [24, 
25]. This problem differs from the one just described in that the arcs 
(5) are required to satisfy, besides equations (6) and (7), a set of iso- 
perimetric conditions 
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(9) I, = +f f(a, y')dx = 0, p=1,---, p. 


Although this problem can be reduced to one of Bolza type, the pres- 
ent theory for the problem of Bolza does not give adequate sufficiency 
theorems for this problem. An additional argument is needed. I shall 
discuss this point later. I would like to point out, however, that once 
one has obtained a satisfactory theory for the isoperimetric problem 
of Bolza, these results can be applied at once to a large variety of 
problems. In particular, they can be applied to the usual isoperimetric 
problems and to the more complicated problem of minimizing func- 
tions of integrals. The latter problem was proposed by Euler and has 
been studied recently by Brady [23]. 


3. Normality. One of the most important advances in the theory of 
the problem of Bolza has been in the elimination of undesirable as- 
sumptions of normality. The concept of normality arises when one 
considers the problem of imbedding a particular arc E satisfying equa- 
tions (6) and (7) in a one-parameter family of arcs 


(10) a,(t), yilx, ), x x2(t), 


satisfying these equations. If the family (10) contains E for t=0, its 
variations 


(11) a,=ax(0), n(x) = yie(x, 0), SxS x, 
along E are solutions of equations of the form 

(12) ,(a, x, 0, = + + = 0, y= 1,---,m, 


Unfortunately, not all solutions a, n; of these equations are neces- 
sarily variations (11) of a family (10) that satisfies equations (6) and 
(7) and contains E for t=0. Perhaps the simplest criterion that will 
insure this property is the existence of a set of 2” solutions aj, 9: ;(x) 
(j=1,---, 2”) of equations (12) whose determinant 


| — 


(14) j=i1,--+-,2n, 


| nig(X2) — 
is different from zero. If this criterion is satisfied, the arc E is said 
to be normal relative to the end conditions (7). It is clear that E will 
be normal if the determinant (14) can be made different from zero 
by a set of 2n solutions a;, 7:;(x) of equations (12) having a,;=0. 
If this stronger condition is satisfied, the arc E is said to be normal on 
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the interval x;x2, inasmuch as this criterion is a condition of normality 
for the fixed end point problem obtained by holding the a’s fast. An 
excellent discussion of the concept of normality and its consequences 
has been given by Bliss [21]. 

Until recently the concept of normality was either ignored or else 
strong normality assumptions were imposed. In fact, it was customary 
to suppose that the arc under consideration was normal on every sub- 
interval and in the sufficiency proofs it was further assumed that an 
extension of the arc had this property. The effect of these normality 
assumptions was that the arguments used for simpler problems could 
be carried over to the problem of Bolza with the obvious modifica- 
tions. Unfortunately the minimizing arcs of many important prob- 
lems that are of the Bolza type are necessarily abnormal on every 
subinterval. For example, this is true for the problem of Mayer. Thus 
the earlier theories for the problem of Bolza were not applicable to 
these special cases. A further objection to normality assumptions is 
that it is difficult in a particular case to verify these assumptions. It 
would be desirable to proceed without the use of hypotheses of nor- 
mality and much has been done in this direction. The sufficiency 
theorems that are now known involve no assumptions of normality. 
Moreover McShane [26] has shown that a minimizing arc necessarily 
satisfies (with multipliers J) =>0, 1,(x)): (I) the Euler-Lagrange equa- 
tions and the transversality condition; (II) the condition of Weier- 
strass; (III) the condition of Clebsch, even if the arc is abnormal. 
Graves [5] had shown earlier that these results were true for arcs 
that are normal relative to the end conditions (7) but are not normal 
on every subinterval as was previously supposed. He also gave rather 
complicated analogues of the Weierstrass condition for abnormal arcs. 
As yet it appears to be necessary to assume that the arc under con- 
sideration is normal relative to the end conditions in order to obtain 
an adequate discussion of the fourth necessary condition involving 
the non-negativeness of the second variation. However, McShane 
[31] has announced recently that the fourth necessary condition 
holds when the maximum rank attainable for the matrix (14) is 2n—1. 
Moreover he states that by means of an example it can be shown that 
the fourth necessary condition in its present form does not hold if 
this determinant is always of rank at most 2n—2. 


+. Conditions for a minimum. Consider now a particular are E 
without corners that minimizes the function J subject to the condi- 
tions (6) and (7). If E is normal, it has associated [24] with it a 
unique set of multipliers 1,(x) with which it satisfies the Euler-La- 
grange equations 
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(15) (d/dx)F yj; Fyis = 0, 


and the transversality condition 
2 #8 
(16) dg + [(F — yiF dx + Fy} +f F.,da,dx = 0. 
2 


Here F=f+1,(x)¢, and equation (16) is an identity in da, when the 
differentials dx:, dyi, dx2, dy are expressed in terms of da, by means 
of equations (7). This is known as the first necessary condition (1) 
for E. Moreover E must satisfy the condition (I1) of Weierstrass, that 
is, at each element (a, x, y, y’, 1) belonging to E the inequality 


(17) E(a, x, y, y’,l, Y’) 20 


must hold for every admissible solution (Y’) of the equations 
¢,(a, =0, where 


E = F(a, x, y, Y’, l) — F(a, x, y, 9’, D 
— (Yi — yi)Fsi(a, x, y, 
From this result one concludes that the further inequality 


(19) 2 0 


(18) 


must hold on E£ for every solution (1) of equations ¢,,7;=0. This 
condition is known as the condition (III) of Clebsch. As a fourth neces- 
sary condition (IV) the second variation 


22 
(20) 9) = +f 2w(a, x, n, n/)dx 
2 


of J along E must be non-negative for every solution an, 9; of equa- 
tions (12) and (13). The last condition can be replaced by conditions 
involving broken extremals for the second variation. 

A solution 


(21) an, Yyi(x), L(x), aS 2S 


of equations (15) is called an extremal. It is said to be nonsingular if 
the determinant 

Pyiy; 

0 | 


is different from zero at each point on it. Every normal minimizing 
arc E determines a unique extremal, also designated by E, satisfying 
the necessary conditions described above. When these conditions are 


(22) | 
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suitably strengthened they will insure a minimum. For a proper 
strong relative minimum it is sufficient that E belongs to a nonsin- 
gular extremal satisfying the transversality condition (16); the 
strengthened conditions: (IIy) of Weierstrass which requires the in- 
equality (17) to hold for all solutions (a, x, y, y’, /) of 6, =0 in a neigh- 
borhood N of those on E, and (IV’) which requires the second 
variation (20) to be positive for all non-null solutions a, ;(x) of 
equations (12) and (13). If the Weierstrass condition (IILy) is replaced 
by the Clebsch condition (III) described above, a set of sufficient 
conditions for a weak relative minimum is obtained. In either case 
the condition (IV’) can be replaced by conditions involving broken 
extremals for J2(a, 7). A detailed account of these and other condi- 
tions can be found in the papers of Bliss [13], Hestenes [10, 16], 
Morse [11] and Reid [12]. 


5. Aconsequence of the sufficiency conditions. The sufficiency con- 
ditions just described hold even if the arc E is not normal. However, 
it was pointed out by Professor Bliss that these conditions are essen- 
tially a set of sufficiency conditions for a normal problem obtained 
by enlarging the class of comparison arcs. Thus as far as sufficiency 
conditions are concerned there is no loss of generality in assuming 
that the problem is normal. The sufficiency conditions described 
above also have a further startling consequence. It is clear that our 
problem will be unaltered if the integral J to be minimized is replaced 
by an integral of the form 


J = g(t) +f F(a, x, y, y’)dx, 


where F is of the form 
F = f+m,(a, x, y, 


If an arc E satisfies the sufficiency conditions described above, the 
multipliers m, can be chosen so that E affords at least a proper weak 
relative minimum to J in the class of all neighboring arcs satisfying 
the end conditions (7) but not necessarily the differential equations 
(6). Thus in a sense the differential equations ¢, =0 can be discarded. 
The essential step in the proof of this result was supplied by Professor 
Reid [25], who showed that by taking m, of the form cy, where c 
is a large positive constant, the quadratic form F,j,/7; can be made 
positive definite along E. It remains to show that these multipliers m, 
can be further modified so that the second variation of J is positive 
definite for all non-null admissible variations ax, n; satisfying the end 


64 M. R. HESTENES [February 


conditions (13) irrespective as to whether or not they satisfy the dif- 
ferential equations (12). That this can be done is an immediate con- 
sequence of the sufficiency proofs for the problem of Bolza given by 
Reid [25] and Hestenes [24] as we shall see in a moment. 

As one would expect, a similar result holds in the finite case. Con- 
sider the problem of minimizing a function f(x) =f(x1:, ---,%,) ona 
surface $,(x) =0 (y=1, ---, m<n). For a proper relative minimum 
at (x) =(q) it is sufficient that there exist a function F=f+1,, such 
that at (x) =(a) one has F,,=0, ¢,=0 and F,;2,h:h;>0 for every solu- 
tion (h) ~(0) of the equations ¢,,,4;=0. For a sufficiently large con- 
stant c the function G= F+c¢,4, will have G,,=0 and G,,2;hsh; posi- 
tive definite at (x) =(a). The point (x) =(a) will accordingly afford a 
proper minimum to G(x) relative to all points in a neighborhood of 
(x) =(a). Clearly G(x) =f(x) when ¢,=0. 


6. Mayer fields. We come now to the consideration as to how the 
sufficiency theorems can be established. Consider first the case when 
g=0 and none of the parameters a, is present. Then our problem be- 
comes the problem of Lagrange with fixed end points. The method 
for this case is classical. It consists of constructing a Mayer field. By 
a Mayer field F is meant a region 7 in xy-space together with a set of 
slope functions and multipliers p;(x, y), 1,(x, y) on F¥ such that 
¢,(x, y, p) =0 and the Hilbert integral 


is independent of the path in 7, where F=f+1,,. For any arc C in F 
on which ¢,=0 one has the relation 


(23) I(C) = I*(C) +f E(x, y, p, l, y’)dx, 
c 


the last integrand being the Weierstrass E-function (18). For an arc E 
in ¥ on which y/ =);, the relation J*(Z)=I(E) holds. Thus if an 
arc C (satisfying ¢,=0) in F joins the end points of EZ, one has 
I(C) 2I*(C) =I*(£) =1(EB), provided the E-function is non-negative 
along C. Consequently E is a minimizing arc when the Weierstrass 
condition (IIy) holds. 

Returning now to the problem at hand let us recall the sufficiency 
proof given by Bliss [4] in 1932. This proof combines results that had 
been established previously by Mayer and Hahn. It consists of three 
steps: Given an arc Ep satisfying the criteria for a minimum it is 
shown first that there is a neighborhood 7; of Eo such that every 
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extremal £ in 7; affords a minimum to J(C) in the class of arcs C 
in J; joining its end points and having ¢,=0. Next it is proved that 
I(£o) is a minimum on the class of extremals in 7; satisfying the end 
conditions (7). Finally it is shown that the end points of an arc C in 
a smaller neighborhood 7 of E» can be joined by an extremal E in 7. 
Hence if C satisfies equations (6) and (7) one has I(C) =>I(E) =I(E), 
as desired. A similar method applied to broken extremals was used by 
Morse [3] in 1931. 

The method just described had to be abandoned because the end 
points of an arc C cannot in general be joined by an extremal E unless 
restrictive normality conditions are satisfied. For example, the 
method is not applicable to the problem of Mayer. In order to 
remedy this situation Bliss and Hestenes [7, 8] devised a method 
that is applicable to the problem of Mayer, but it too was based on 
undesirable normality assumptions. A new method accordingly had 
to be devised. The new method consists essentially of enlarging the 
concept of Mayer fields. Curiously enough it can be considered to be 
a generalization of the method used by Bliss, although to the casual 
observer there may appear to be no connection between the two 
methods. 

Consider now a region 7 in axy-space and a set of slope functions 
and multipliers p;(a, x, y), 1,(a, x, y) on F. Set 


(24) = gc) + f "Pla, x, 9, 


(25) J*(C) = g(a) + fore x, y, y’)dx, 


where F=f+1,¢, and 
F* = F(a, x, p) + (yi x, p). 
One then has the formula 


(26) J(C) = J*(C) + x, v, y’)dx 


analogous to (23), in which the last integrand is the Weierstrass 
E-function E = F—F*. For a solution C of the equations y/ =p; the 
relation J(C)=J*(C) holds. If ¢,=0 on C then J(C)=I(C), where 
I(C) is the function to be minimized. Clearly we can suppose that 
I(C)=J(C) as far as the problem of Bolza is concerned. 

The region 7 and the slope functions and multipliers p;(a, x, y), 
L,(a, x, y) will be said [24] to define a Mayer field F if the Hilbert 
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integral J*(C) is independent of the path in 7 in the sense that 
J*(C) =J*(C’) for any two arcs C, C’ in ¥ having the same end values 
[a, x1, y(x1), x2, y(x2)]. A solution as, yi(x) of the equations y{ =p; 
defines an extremal E of J(C) and is called an extremal of the field F. 
The sufficiency proof consists of showing that if an admissible arc Eo 
satisfies the criteria for a minimum, it is an extremal of a Mayer field 
having the following two properties: The Weierstrass E-function 
F — F* is non-negative for every solution (a, x, y, y’) of ¢,=0 having 
(a, x, y) in ¥. The arc Eo minimizes J*(C) in the class of arcs C satis- 
fying the end conditions (7). Thus if an arc C in F satisfies equations 
(6) and (7) one has, by virtue of formula (24), the desired relations 
J(C) 2 J*(C) = J*(Eo) = J(Eo). In fact if our problem has been modi- 
fied so that the quadratic form F,',{7,7; is positive definite along Eo, 
as Professor Reid has done, then the arc Ep not only minimizes J(C) 
in the class of arcs C in F satisfying conditions (6) and (7), but affords 
at least a weak relative minimum in the class of all ares in F satisfying 
the end conditions (7). This establishes the remarks made in §5. 

I remarked a moment ago that the method just described can be 
considered to be a generalization of the method used earlier by Bliss 
[4]. Bliss imposed sufficient normality conditions so that the end 
points of every arc C in 7 can be joined by an extremal E. Under these 
assumptions the field can be chosen [19] so that the relation 
J*(C) =J(E) holds, provided C satisfies. the end conditions (7). Thus 
the inequality J*(C) =J*(E») becomes the criterion that Ey minimize 
J(E) in the class of extremal arcs satisfying the end conditions of our 
problem. 

In order to carry out the method just described it must be known 
under what conditions the arc Ey affords a minimum to J*(C) sub- 
ject to the end conditions (7). In the theory of Mayer fields we are 
led therefore to the consideration of an auxiliary minimum problem. 
In this new problem the parameters a, will in general appear in the 
integrand of J*(C) even if the original function J(C) does not have 
this property. Thus by introducing the a’s in the original integral J 
one can apply at once the theory of the first and second variation to 
our new problem. Nothing new is obtained from the first variation of 
J*(C). The second variation J#(a, n) of J*(C) along Ep is the Hilbert 
integral for a Mayer field for the second variation J2(a, ) along £o. 
The slope functions and multipliers 7;(a, x, n), (a, x, n) of this field 
are the variations along Epo of the slope functions and multipliers p;, 
lL, of the original field. In this accessory field the second variation 
J2(a, n) of J(C) along Ep plays the rojie of J(C) and is connected to 
J#(a, ») by the formula 
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(27) Ja(a, n) = J2(a, 2) +f Fyvi(ni — — 


corresponding to formula (26). This formula in a somewhat modified 
but equivalent form is known as the Clebsch transformation of the 
second variation. Thus the theory of Mayer fields has a counterpart 
in the theory of the second variation. If a Mayer field exists for the 
second variation, then EZ» can always be imbedded in a Mayer field 
whose slope functions and multipliers have as their variations along 
E, the slope functions and multipliers of the given Mayer field for 
the second variation. The existence of Mayer fields therefore has been 
reduced to the question of existence of Mayer fields for the second 
variation. A nonsingular extremal satisfying the transversality con- 
ditions and on which the second variation is positive is always an 
extremal of a Mayer field 7 having the properties described above. 


7. Expansion proofs. The question naturally arises as to whether or 
not Mayer fields are essential in the sufficiency proofs for the problem 
of Bolza. At present I am familiar with only one sufficiency proof 
for a strong relative minimum that is not based directly on the theory 
of Mayer fields. This proof is an expansion proof given by Reid [18, 
20, 25] and is a modification and extension of one given by Levi for 
free problems. Although the expansion proof does not make direct 
use of the theory of Mayer fields, there is a close relationship between 
the two methods. In order to emphasize this relationship I shall in- 
terpret for you the methods used in the expansion proofs in such a 
way that one can see more clearly wherein it differs from the more 
classical method of constructing Mayer fields. 

Consider now an extremal Eo, 


satisfying the criteria for a strong relative minimum. We can suppose, 
with Reid, that the integrand f has been modified so that the quad- 
ratic form F;,‘,,7:7; is positive definite along Eo. Then there is a con- 
stant b>0 such that at each element (a, x, y, y’, J) in a neighborhood 
N of those on Ep the inequality 


(29) E(a, x, y, y’, 1, Y’) = — + ||¥’ — 


holds whenever ¢,(a, x, y, Y’)=0, where ll-y’|| =(y/y/)"*. This for- 
mula also holds whenever (a, x, y, Y’, 1) is in N, if N is sufficiently 
small. Let 7;(a, x, 7), \,(a, x, n) be the slope functions and multipliers 
for a Mayer field for the second variation of IJ whose Hilbert integral 
J#(a, ) is positive for every admissible variation (a, 7) ¥ (0, 7) satis- 


=| 
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fying the end conditions (13). Let ¥ be a neighborhood of Ep in axy- 
space and select slope functions and multipliers p;(a, x, y), l(a, x, y) 
on F such that p;=yie , 1, =l, along Ep and \, are the variations 
of p;, 1, along Eo. As in the theory of Mayer fields construct the func- 
tions J(C), J*(C) by means of formulas (24), (25). The integral J* 
is now no longer independent of the path but its second variation 
along Ep is the Hilbert integral J#(a, 7) of the Maver field for the 
second variation. The formulas (26) and (27) hold as before. Consider 
an admissible arc C in F satisfying the conditions (6) and (7). By the 
use of Taylor’s formula for J*(C), the properties of J#(a, n) and the 
inequality (29) one finds after considerable manipulation that the re- 
lation 


(30) J*(C) — J*(Eo) +f Edx 2 0 
c 


holds, provided 7 is taken sufficiently small. By the use of equations 
(26) and =J(E») this inequality becomes J(C) —J(Eo) 20, as 
desired. 

The expansion proof given by Reid was presented in quite a differ- 
ent manner. However, from the above interpretation it is seen that 
it has much in common with the theory of Mayer fields. In particular 
it is seen that the basic property for J*(C) is that its second variation 
along Ep is the Hilbert integral for the second variation of I(C) and 
is positive for all variations (a, n) (0, 7) satisfying the variational 
end conditions (13). As far as the problem of Bolza is concerned it 
appears that the theory of Mayer fields is the simpler. However the 
expansion method has the advantage that it appears to be applicable 
to problems for which Mayer fields fail to exist. 


8. Further results. The inequality (29) has many applications. For 
example, it can be used to prove the following analogue of Osgood’s 
theorem: Let Ey be a nonsingular extremal satisfying the criteria for 
a strong relative minimum described above. There exists a neighbor- 
hood F of Eo in axy-space such that corresponding to every neigh- 
borhood 7 of Ep interior to 7, there is a constant e€>0 such that the 
inequality I(C) = I(Eo) +€ holds for every arc C in 7, not in F’, which 
satisfies equations (6) and (7). This result was established by Reid 
[25] by expansion methods. It can also be proved by the use of Mayer 
fields with the help of the relations (26) and (29). 

There is a second important result that is a consequence of the in- 
equality (29). It is a generalization by Reid [25] of a theorem of 
Lindeberg which states that if Eo is a nonsingular extremal (28) satis- 
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fying the condition (IIy) of Weierstrass, and p is a positive constant, 
there is a neighborhood 7 of Ey such that J(C) —J(Eo) >p/2 holds for 
every admissible arc C in ¥ for which one has 


f E(a, x, y, yo, y')dx > p, 
Cc 


where yg (x) are the slope functions of E». By the use of this result 
and one other, that I shall not describe here, Reid was able to obtain 
an elegant proof of the sufficiency theorems for the isoperimetric prob- 
lem of Bolza. The sufficiency conditions for this problem are analo- 
gous to those for the problem of Bolza. Only two changes need to be 
made. First, the new function F appearing in the various conditions is 
now of the form Where Amy, (p=1,---, p) are 
constants. Similarly g is to be replaced by g+Am+pg,. The second dif- 
ference is that the variations a,, 7; must satisfy besides the conditions 
(12) and (13), the additional conditions 


s=2 
J n) = Spa,%h + 


(31) 
+f { + + Sovini =0 

71 
where the functions J,:(@, 7) are the variations along Ep of the func- 
tions J, appearing in the side conditions (9). A second sufficiency 
proof for the isoperimetric problem of Bolza has been given by Hes- 
tenes [24]. 


9. Indices of extremals. Returning now to the problem of Bolza let 
us consider a normal nonsingular extremal Ep satisfying the end con- 
ditions (7), the transversality condition (16) and the condition (III) 
of Clebsch. If the second variation of I is positive along Eo, then Eo 
affords at least a proper weak relative minimum to I(C). The question 
naturally arises as to whether or not Ey has certain minimizing prop- 
erties even if the second variation is not positive along Eo. The answer 
is in the affirmative. The extremal Ep is a minimizing arc for a normal 
isoperimetric problem of Bolza obtained by adjoining conditions of 
the form (9). The least number & of side conditions of this type which 
will determine an isoperimetric problem of Bolza for which I(Eo) is a 
minimum will be called the index of the extremal Ep (cf. [15]). The 
condition that the problem remain normal is an essential one since 
otherwise one could adjoin the trivial condition J(C) =I(Eo) and the 
concept of index would not be a useful one. Clearly the index of Eo is 
zero if and only if Eo is a minimizing arc for the original problem of 


70 M. R. HESTENES [February 


Bolza. Except in certain degenerate cases the adjoined side conditions 
can be taken to be of the special form 


2 
Ti(a,, No; C) + 


(32) 
+f { + Fonit Fyini}dx = 0 


where ap, nip (9 =1, - - - , form a set of & variations satisfying the 
equations (12) and (13) and the elements (a, x, y, y’) are those be- 
longing to C. The expression Ji(a, n; Eo) is the first variation of I 
along Ep» and is zero for all variations satisfying the conditions (12), 
(13). 

In order to determine the index k of Ep it is sufficient to select the 
fewest number of conditions (9) or (32) preserving normality which 
are such that the second variation J2(a, 7) is positive along Ep for all 
non-null variations a, n; satisfying the conditions (12), (13) and (31). 
For then the criteria for a weak relative minimum will be satisfied. 
It will be seen in the following sections that the second variation in 
general can be made positive if the variations a,, 4; are required to 
satisfy, besides the conditions (12) and (13), a set of k additional con- 
ditions of the form 


z2 
(33) Dp +f { + Nip + dx 0, i, k, 


where @ip, Nip are k solutions of equations (12) and (13). The fewest 
number of conditions (33) that are effective in this manner is called 
the index of I2(a, n) and in general is equal to the index of Eo. This 
follows because the equations (33) are the variations along Eo of the 
equations (32). 

10. Indices of the second variation. In order to discuss the index of 
the second variation it is convenient to change our notation somewhat 
and return to the formulation used by Bliss. We consider the class D 
of all continuous arcs 


having piecewise continuous derivatives that satisfy differential equa- 
tions of the form 
(34) ©,(n, = Myni t+ Nan! =0, 


whose coefficients are continuous functions of x on x1x2. On this class 
there is defined a quadratic function 
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(35) Ia) = 29(a) + f 


where 2g is a quadratic form in the end values n;(x1), ni(xe2) of 7 and 
= + + Rij(x)ni nj - 

It is assumed that the functions P;;= P;:, Q;;, Rij = Ry are continuous 

on x1%2 and that the determinant 

Ri; 


36 
(36) Nu; 0 


is different from zero. The bilinear form J(£, 7) associated with J(7) 
is given by the formula 


and is identical with the first variation of J(n). We have J(&, 7) =J(n, &) 
and J(n, ») =J(n). Finally let E be the class of all variations 7 in D 
satisfying end conditions of the form 


(38) W,(n) ( X1) + buini( x2) = 0, p=i,---, p S 2n. 


We are interested in the properties of J(n) on €. Other classes E are 
also of interest. The problem of the second variation I2(a, 9) of I de- 
scribed in the preceding sections is readily reduced to one of this 
type. 

Many of the results that follow are equally applicable to a quad- 
ratic function on an arbitrary linear space. However as we shall be 
interested in the interpretations of these results in the problem of 
Bolza, I shall restrict myself to the problem here described. The re- 
sults here given are a combination of the results obtained by Birkhoff 
and Hestenes [15] and Hazard [29]. 

Two arcs £ and 7 will be said to be J-orthogonal if the relation 
J(&, 7) =0 holds. An arc & will be said to be J-orthogonal to a subclass 
E* of D if it is J-orthogonal to every arc in E*. J-orthogonal classes 
are defined similarly. By the J-complement of a subclass E* of E in € 
will be meant the totality of arcs in 7 in € that are J-orthogonal to &*. 
Similarly by the J-complement of an arc £ in E will be meant the set 
of all arcs in € that are J-orthogonal to £. The condition that £ be an 
extremal is that it be J-orthogonal to the class of all arcs 7 in D 
vanishing at x; and x2. This is equivalent to the definition of extremals 
given previously if one identifies extremals which differ only in their 
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multipliers. An extremal is seen to satisfy the transversality condition 
used in the previous sections if and only if it is J-orthogonal to E. 

In the last section the index of the second variation was defined in 
terms of an isoperimetric problem of Bolza. There is a second defini- 
tion of index that is a more convenient one and which is more easily 
understood. The index of J(n) on E will be called the J-index of E. 
By the J-index of a linear subclass E* of D will be meant the dimen- 
sion of a maximal linear subclass of E* on which J(7n) is negative 
definite. 

This number is easily seen to be well defined. In view of the non- 
vanishing of the determinant (36) the J-index of E will be finite 
if and only if the Clebsch condition (III) holds. We shall be inter- 
ested only in the case in which J-indices are finite. We shall accord- 
ingly assume that the Clebsch condition holds. 

In order to see that the index here defined is identical with the one 
given earlier, let &, - - - , & be a minimal basis for a maximal linear 
manifold E- in E on which J(n) is negative definite. Then an are 7 
in E is J-orthogonal to E- if and only if the conditions J(£., 7) =0 
(a=1,---, k) hold. It follows from our choice of E- that J(n)=0 
for every arc in E satisfying these isoperimetric conditions. Moreover 
no fewer conditions have this property. The two concepts of index are 
therefore identical. There is a further defining property of the J-index 
of a class E*. The J-index of E* is equal to the dimension of a maxi- 
mal linear subclass of E* on which J(n) <0 and which contains no 
arc 70 that is J-orthogonal to €*. This is a very useful criterion 
for the determination of indices. 

One of the basic problems is the determination of the relations be- 
tween the J-index of E and that of a linear subclass E* of €. This 
problem can be completely solved if E* is related to E in a special 
way. For want of better terminology, these subclasses wili be called 
special subclasses of E. Let E* be a linear subclass of E and denote 
by E¢ the set of all arcs in E* that are J-orthogonal to €*. The class 
€* will be called a special subclass of E if every arc 7 in E€ that is 
J-orthogonal to E¥* is a sum 9;+72 of an arc m in E* and an arc 72 
that is J-orthogonal to E€*. For example the subclass €° of all arcs in € 
vanishing at x; and x2 is a special subclass of €. Here the condition 
that E° be a special subclass of E is equivalent to the condition that 
the end points of every arc 7 in E that is J-orthogonal to the extremals 
that vanish at x; and x2 can be joined by an extremal. Every linear 
subclass of E containing E€° is a special subclass of €. In fact any 
linear subclass of E of finite « ‘mension or which is the J-complement 
of such a class is a special linear subclass of E. 
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The principal result upon which the determination of indices and 
upon which many comparison theorems are based is the following one: 
Let €* be a special linear subclass of E and as before denote by E¥ the 
class of all arcs in E* that are J-orthogonal to E*. Let m be the dimen- 
sion of a maximal linear subclass of E whose non-null arcs are not 
J-orthogonal to €. If the J-indices of E* and its J-complement in E 
be denoted by the symbols k* and k’, respectively, then the J-index k 
of E is given by the formula k=k*+k’ +m. 

As a first example of the application of this result let us consider 
the problem of determining the J-index of the class E° of all arcs 7 
in D vanishing at x; and x2. For convenience of description it will be 
assumed that 7=0 is the only extremal that vanishes identically on 
any subinterval of x:x2. This is a normality condition and need not 
be assumed if one modifies the definition of conjugate points given 
below. A point x3 on x1<x<x2 will be said to be conjugate to x; if 
there is an extremal 70 that vanishes at x; and x3. The number h 
of linearly independent extremals in a maximal set that vanish at x1 
and x; will be called the order of x3 as a conjugate point of x. Let 
£1, ---, &m be a maximal set of linearly independent arcs in E° that 
are identically zero on a subinterval x3x2 of x1x2 and are identical with 
an extremal on x:x3. The number of these arcs is equal to the sum of 
the orders of the conjugate points of x; between x; and x2. These arcs 
form the basis of a special subclass E* of E® whose index is zero. No 
arc £#0in &* is J-orthogonal to E*. Moreover the index of its J-com- 
plement in €° is also zero. The J-index of E° is accordingly equal to 
the dimension m of €* and hence is equal to the sum of the orders 
of the conjugate points of x; between x; and x2. 

Returning now to the original class E we observe that its J-index 
is the sum of three quantities. The first of these quantities is the index 
of the class E° just described, that is, the sum of the orders of the 
conjugate points of x; between x; and x2. The second quantity is 
the J-index of the class of extremals in E, that is, the J-index of the 
J-complement of E° in €. The third quantity is the dimension of a 
maximal linear class of extremals vanishing at x; and x2 which con- 
tains no extremal £0 that satisfies the transversality conditions 
for E. 

As a third example consider the class €* of all arcs in E form- 
ing the J-complement of the class of all arcs vanishing at a set of 
points --- <t,<t,41=x2. These points can be chosen so 
close together that the index of the J-complement of &* is zero and 
such that every arc in €* that is J-orthogonal to E* is also J-orthogo- 
nal to €. The J-index of E is therefore identical with that of E*. 
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Moreover the class E* is composed of the totality of broken extremals 
in E with corners at the points 4, - - - , t. This result identifies our 
index with the one introduced by Morse. 

Examples of this type can be multiplied in many ways so as to ob- 
tain comparison and oscillation theorems which relate the J-indices 
of various subclasses of €. Other oscillation and comparison theorems 
are also easily obtained. For example, if a second quadratic function 
J*(n) satisfies the condition J*(y) = J(n) on €, the J*-index of E can- 
not exceed its J-index. 

Boundary value problems arise in the calculus of variations when 
one wishes to obtain relationships between J(n) and a second quad- 
ratic functional J*(y). The function J*() is usually taken to-be of 
the form 


J*(n) 2q*(n) +f Ki;(x)nmjdx. 


We shall assume that J*(n) is positive on D although this assumption 
is not essential. An arc £¥0 in E will be called a characteristic arc if its 
J*-complement in € is identical with its J-complement in €. If £ is a 
characteristic arc, there is a value ¢ such that J(£, ») =0J*(£, 7) on E. 
In fact o=J(£)/J*(&), and & is an extremal for J—oJ*. The number 
of linearly independent characteristic arcs in a maximal set deter- 
mining the same characteristic value ¢ will be called the order of c. 
It can be shown that the J-index of E is equal to the sum of the orders 
of the negative characteristic values. Thus it is seen that the theory of 
indices here presented is closely related to boundary value problems. 
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THE ANALYSIS OF LINEAR TRANSFORMATIONS 
F. J. MURRAY 


1. Introduction. If T is a closed additive transformation with do- 
main dense (abbreviated c.a.d.d.) between Hilbert spaces, there 
exist two resolutions of the identity, E,(A) and E2(A) such that 
E:(A)TCTE,(\). These resolutions are defined for 0<\< &, and if 
0<a<§ T is an isomorphism, when contracted to the range! of 
E,(8) —E:(a). This is important in applications, since only under an 
isomorphism is the convergence of a sequence of elements equivalent 
to the convergence of the images. This property compensates for the 
lack of compactness of Hilbert space. 

These resolutions also permit us to express T as a denumerable 
sum of such isomorphisms.? Each isomorphism in turn can be ex- 
pressed in terms of the values of T on an orthonormal set complete 
in a certain subspace. Thus T is analysed into components which de- 
termine it by addition and closure. Another interesting property of 
these resolutions associated with T is the fact that if f is such that 
for every gE DUA) (the range of E,(A)), lf+e| = and if 7f exists 
then | Tf+T7g| Tf]. 

When one considers a c.a.d.d. T in a general reflexive Banach 
space,* many properties lose their significance, but those mentioned 
above do not. Since they indicate a complete analysis of such trans- 
formations one is led to consider the possibility of generalizing the 
notion of a resolution of the identity and the association of two of 
these with a c.a.d.d. T. 

At least five such generalizations are possible. However, the com- 
plete analysis given above cannot be carried through in general linear 
spaces at present because of various unsolved problems of these 
spaces. In the present talk, we show the dependence of this analysis 
upon these problems and classify the problems from this point of 
view. It is hoped that this will result in a more systematic develop- 
ment of the theory of linear spaces. 


2. Projections. The difficulties appear in attempting to generalize 
the notion of a projection. Let us consider the usual notion of a pro- 


An address delivered before the Washington meeting of the Society on May 2, 
1941, by invitation of the Program Committee; received by the editors July 18, 1941. 
1Cf. [11, chap. 9], or [8, §5, pp. 312-318, in particular Theorem VI, p. 315]. 

2 Cf. [8, loc. cit. ]. 
2 We shall follow the notation of [1]. A reflexive space is one such that B= B. 
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jection in Hilbert space and endeavor to express its properties in 
terms which generalize to Banach spaces. This can be most readily 
done in terms of the range It of E and the set MN, of f’s such that 
Ef=0. The following properties are present: 1. For every f in $, there 
is a gin M, (g=Ef) and an hin N, such that f=g+h. 2. M-N= {oH}. 
3. M and M are closed additive sets.‘ 4. h in NR and g in M, imply 
|n+g| 

In Hilbert space, given Mt, these properties’ determine a unique 
self-adjoint E, with domain § and bound 1. In suitably restrictea 
spaces given a closed additive set, I, 1 and 4 will determine J.* 
Property 2 will hold but not 3 since %t in general will not be additive.” 
One may then abandon 4. If we are given M, let us call an N satisfy- 
ing 1, 2, 3, a complement to M. If Pt has a complement, M, the corre- 
sponding E is a bounded linear transformation® with E?=E. Such a 
transformation we will call a bounded projection on Mt. Since 4 is 
lost, E is not unique for M, but this is not the worst difficulty. It can 
be shown that there exist manifolds It, which do not possess bounded 
projections.® 

One may, however, be willing to substitute for the boundedness 
of E just closure. If we substitute for 1, the Property 1’: for a dense 
set of f’s, f=g+h, zEM, hEN (Ef=zg), we will call an N satisfying 
1’, 2, 3, a quasi-complement to It. The corresponding E is closed and 
if we have ac.a.d.d. E with E?=E, and range M, then Mt has a quasi- 
complement.!° The following problem arises: 


PRoBLEM I. In a linear space, does every IM possess a quasi-comple- 
ment ?11 


If Mt does not have a complement it must be “infinite,” that is, 


4 Properties 2 and 3 insure the uniqueness and additivity of the resolution given 
in 1. 

5 The Condition 4 implies that M and MN are orthogonal, since |h+#g|?=|h |2 for 
any complex ¢ implies (h, g)=0. Thus E is the orthogonal projection on M. Cf. [15, 
Theorem 1.23, p. 22 and Definition 2.16, p. 70] or [11, chap. 2, §5, Theorem VI and 
chap. 6, §1, Definition 1]. 

6 Cf. Appendix I, remark preceding Lemma 4. 

7In Appendix I, is the set of such that F(to)=| F]-|ho| for an FEM. 
We may make this correspondence more precise by letting | F| =| ho|. Even when this 
correspondence is one-to-one as say in Ly or /p (Pb ¥2) it is not linear and J the image 
of a linear set will not be linear in general. 

* Cf. [10, proof of Lemma 1.11]. 

Cf. [10]. 

10 The proof of these statements is similar to that of [10, Lemma 1.11]. 

1 These problems are of greatest interest when 8 is reflexive. 
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infinite-dimensional and having no finite complement. We also ask: 


PROBLEM II. Do there exist Banach spaces such that every infinite 
mantfold has no complement (quasi-complement)? 


Since the Banach space $ and any closed additive subset J in it 
are abelian groups, we may consider 8/M the quotient group of B 
by M. This is the set of classes of elements of 8, mod M, that is, two 
elements f; and fz in 8 belong to the same class c, if fi f2E M. B/M 
is a normed linear space if addition and scalar multiplication of 
classes result from the corresponding operations!” of 8 mod M and 
|c| =g.l.b.(|f], fEc). If B is reflexive, B/M is complete." We say 
that $ has been resolved abstractedly into Mt and B/M. 

In Hilbert space, each class c of S/M contains a unique h of M’, 
with || =|c| and this correspondence h~c is linear. In a reflexive 8, 
the existence for every It of a complement with these properties 
would imply that % is a Hilbert space.'* However, if additivity is 
dropped, we have for reflexive convex spaces an orthogonal 9 as we 
have mentioned above. 


3. Bounded transformations. Let us now consider the association of 
projections with bounded transformations. If T is bounded and M 
and %t are complements then T takes J into an additive set TM 
and % into TM. If f=g+h, gzEM, hEN, Tf=Tg+Th. Thus every 
element Tf of Rr, the range of T, can be expressed as a sum of ele- 
ments of TM and TN, f’=g’+h’. lf T—! exists, we see that this resolu- 
tion is unique, for g’=TET—'f’. 

Thus E has the corresponding operation TET~—' in the range space. 
But even in Hilbert space, this transformation may be unbounded 
and may even have no closed extension.* Thus a bounded T may not 
preserve the relation of complementation or quasi-complementa- 
tion, even when 7— exists. 


2 The statement about the norm is the most interesting but is not particularly 
difficult. The closure of 2 insures that if |c] =0, ¢ contains @ and is precisely M, the 
0-class for addition, modulo M. Obviously |ac| =| a] -|c| and the triangle inequality 
is obtained by a simple e-proof. 

13 Cf. Appendix I, Lemma 6. 

4 Since h=(1—E)f and |h| <|f|, we see that 1—E has bound 1. But (1—E)* 
= 1—E*, which would also have bound 1. We have supposed that 8 is reflexive and 
thus to every M’ CB, wecan find a MCB, such that M+=M’. Hence every M’CB 
has a projection of bound 1 on it. This implies that 8 is a Hilbert space and that 
B= B (cf. [4] or [13}). 

18 Cf. Appendix II. 
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However, for the special resolutions E;(A) and E2(d) associated with 
T as in §1, in Hilbert space, we do have that complementation is pre- 
served.'* Also in Hilbert space, if Dt is such that T is an isomorphism 
on 9, then a bounded T preserves complementation for at least one 
complement.” Thus we are interested in the M, for which T preserves 
complementation. 

To obtain a precise statement of our problem, let us find the exact 
conditions under which the equation TE,= FT determines a trans- 
formation F. Now let g be given such that there is an f for which 
Tf=g. Then TE,f= Fg defines a transformation F, if Tfi=Tf2 im- 
plies TE,f=TE2f or if T(fi—fe) =0 implies TEi(fi—f2) = 0. Thus we 
will have an F determined by T and E if E projects the set of zeros 
of T, Nr, onto part of itself. If Rz,DNRr or Nz, Rr then this con- 
dition is certainly fulfilled. 

Now a bounded projection, E;, will be said to be associated with a 
bounded T (abbreviated E; b.A.b. T) if Re, DNr or NzDMNr and if 
the corresponding F has a bounded extension (which will be a bounded 
projection E,). We suppose that 97 is dense in Bs. 


PROBLEM III. Given a bounded T, find the set of bounded projections 
associated with it. 


One can associate a closed projection with a bounded T in an analo- 
gous manner (FE; c.A.b. T) and one has a corresponding Problem IIIb. 


4. Closed transformations. Let us consider the similar problems for 
c.a.d.d. transformations. A closed transformation is characterized by 
the fact that the “graph,” the set of pairs {f, Tf} in B:®Bs, f in Dr, 
is closed.'® 

Given a projection E;, the resolution in 8;, f=g+A, yields a resolu- 
tion of the graph of a bounded T, {f, Tf} ={g, Tg}+{h, Th}. The 
graph of a bounded transformation with domain Q%; is isomorphic 
to B1, and thus this latter resolution will be determined by a projec- 
tion E;,2 which is defined by the equation E,2{f, Tf} ={E.f, TE,f}. 

The situation is different in the case of a c.a.d.d. T. Since Dr is 
no longer $i, it may not include Rz, whether FE; is bounded or closed. 
Thus if E is a one-dimensional projection on an element not in Dz, 
the resolution cannot be imported into the graph. 

This difficulty appears even in Hilbert space. When one is forced 
to deal with it in defining reducibility, one appends the condition: 

16 Cf. [8, §5, pp. 312-318]. 
17 Cf. Appendix IIT. 


18 The graph is discussed in [16, pp. 299-301], [8, pp. 302-307], [9, pp. 88-91], 
and [11, chap. 4]. 
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“fEDr implies E,fEDr.” When this condition is applied to either a 
bounded or closed!® EF; in Bi, one sees that E;,2 must be defined 
throughout the graph and hence is bounded.?° 

On the other hand, if one starts with a bounded projection E,,2 in 
the graph, Ei» { Fe Li } = { QZ, Tg} , then the equation E,f=g may not 
determine a transformation with a closed extension.”! Even if both 
E, and E;.2 are bounded, however, the F defined by the equation 
TE= FT may not have a closed extension. 


DEFINITION. A bounded projection, E;, will be said to be associated 
with ac.a.d.d.T,(E,b.A.c.T)if ReDRr or NeDNr and is bounded. 
A closed projection will be said to be associated with a c.a.d.d. T 
c.A.c. T) if ReDNr or NeDNr, is bounded and has a 


closed extension. 


We then have Problems III; and III, analogous to III; and IIIs, 
with T closed rather than bounded. 


5. Abstract resolutions. We have discussed the preservation by T 
of complementation and quasi-complementation. Let us now con- 
sider abstract resolutions. 

If T is c.a.d.d. and Jt is a manifold such that D7 is dense in M, 
and J’ is the closure of the set of 7f’s with f in Mt, then we can 
consider a transformation T from $1/M to B2/M’, defined as follows. 
Let cEBi/M and fEc. Then TfEc’EB2/M’. Now if fi is also in c, 
Tfi€c’, and thus c’ depends only on c and we define Tyc=c’. 

Now Ty» is readily seen to be additive and its domain is dense in 
%,/M. In general, however, it is not closed,?? although for T bounded, 


19 For E, closed the existence of E,f for f in Dr is implied. 

20 When E,,2 is defined by the equation E,,2{f, Tf} ={Eif, TE,f} and E; satisfies 
the given condition, then E;,2 is bounded. For let Dti,2 be the set of pairs {f, Tf} for 
which f is in Dts, the range of E;, and let Nj,2 be the set of {g, Tg} with gE N.. We 
prove that E,.2 is bounded by showing that D212 and ¥ti,2 are complementary (cf. 
Footnote 8). The Conditions 2 and 3 on Qt1,2, Nti,2 follow from the corresponding con- 
ditions on Dt, Rt, and 1 follows from the given condition on Ej. 

21 This is true even in Hilbert space. Let § be realized as the space % on the inter- 
val (0, 2x). The set of pairs, {exp(inx), —n exp(inx) }, n=0, +1, +2,--- and 
{exp(x) —exp(2x—x), i(exp(x)+exp(2x—x))}, are orthogonal. Let X denote the 
manifold determined by these pairs in H@ G. It is readily seen that T is the graph of 
a transformation 7, that is, if {0, g} is in T, then g=0. Now if E,,2 is the projec- 
tion of E onto the manifold determined by the pair {exp(x) —exp(2x—x), t(exp(x) 
+exp(2x—x))} then the corresponding E; has no closed extension. This is an im- 
mediate consequence of the fact that E; is zero on the dense set determined by the 
exp(inx) for n=0, +1, +2,---. 

Cf. Appendix IV. 
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Tm is bounded. On the other hand,”* Ty, and T on 9 do not deter- 
mine T. 

But suppose T and MM are such that if f is in Dp and in cEBi/M, 
then c contains a minimal element h, which is also in Dz and Th is 
minimal in Tyc. We say then that T preserves minimality relative 
to It. For reflexive convex spaces, Ty itself is then closed.*4 

We will say that the abstract resolution of a manifold 9? is associ- 
ated with a closed T if T preserves minimality relative to M. 

In Hilbert space, the resolutions associated with T are precisely 
those which break 7, that is, those which reduce** (T*T)'/?. Thus 
this criterion determines the manifolds more precisely than the pre- 
vious ones. 


PROBLEM IV; (IV2). Given a bounded T (c.a.d.d. T), find the abstract 
resolutions associated with it. 


In Hilbert space the answer to these problems is known. In general 
linear spaces the answer is not so interesting but we will consider 
other generalizations of the manifolds which reduce (T*T)"?. 

Notice that if the abstract resolution with respect to Jt is associ- 
ated with 7, the latter can be regarded as resolved into linear com- 
ponents of T on Mt and Tm. This notion is particularly interesting 
for M=Nr, whose abstract resolution is associated with T. 


6. Bases. We now consider the general problem of reducing T to 
linear components, rather than to the special case in which there are 
only two components. One such resolution is given by any basis for 
the graph and thus we may consider the basis problem. 

Banach defines a basis [1, p. 110] as a sequence of elements {f;} 
such that to each fE 9%, there exists a unique sequence of numbers 7; 
such that This definition implies that F;(f) is an ad- 
ditive linear functional of f [1, p. 111]. 


PROBLEM V. Does every separable Banach space have a basis? 


The graph of a bounded transformation is isomorphic to the do- 
main space and thus a basis in %, determines a basis in T, and hence 
a resolution into irreducible linear components. For a closed trans- 
formation one must consider the graph directly. 


23 A two-dimensional example will make this clear. Let T, be defined by the equa- 
tion Ta{x, y} ={x+ay, y}. If M is the set of vectors {x, 0}, one sees that Tz on M 
and Tm do not determine T,. 

2 Cf. Appendix V. 

25 Cf, [8, §5, pp. 312-318]. 
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For a bounded T, given a subsequence of a basis {f;,} such that 
> niefia converges for every f one would consider the corresponding 
projection Ef=)-niefi.. However, it is not known whether every in- 
finite subsequence of a basis series is convergent. When every such 
subsequence is convergent, we will call the basis an absolute basis. 
The existence question for these is also important and we shall call 
it V2. We also have this problem: 


ProB_eM Is every basis an absolute basis? 


7. Resolutions of the identity. A basis can be regarded as a special 
case of a resolution of the identity. One way of defining the latter 
notion is given by Lorch [5, Definition 4, p. 226]. This is the most 
restrictive way. A family of projections EA) is said to constitute a 
resolution of the identity: 1. if 0 and 1 are in the family; 2. if XZ, 
EQ)E(u) = E(u) = E(u) EA); 3. if there exists a constant K, such that 
for any real numbers (t=1, ,n) witha,SS --- Sa;Sb; 
< --- Sa,, 5, and for any with | wil <1, the 
bound of the operator 2 e(E(ba) — — E(a,)) does not exceed K. 

One may point out that if one replaces the condition | wal <1 by 
| ui| =1, the new Condition 3’ is equivalent” to 3. This type of resolu- 
tion will be referred to as an absolutely bounded resolution of the 
identity. Other definitions of a resolution of the identity may be ob- 
tained by replacing the Condition 3 or 3’ by any one of the follow- 
ing: 3’’. There exists a K such that for every X, the bound of E(A) is 
less than or equal to K. 3’”. The E(A) exist and are bounded except 
possibly on a denumerable, nowhere dense set of points. 3!V. Each 
E(A) is closed. The corresponding resolutions will be termed, respec- 
tively, bounded, essentially bounded, and closed. To make our exist- 
ence problem definite we also introduce the definition. 

If fEB, and a, -- +, 6, are as in Condition 3 above, let A, 
denote the set of g’s for which there are \,’s such that g > an (E(ba) 
— E(a.))f. lf there is an f, such that W, is dense, then we say that the 
resolution of the identity has a simple spectrum. 


ProBLeEM VII. Does every separable Banach space contain an abso- 
lutely bounded resolution of the identity with a simple spectrum? 


For bounded, essentially bounded or closed resolutions, we have 
the corresponding Problems VII2, VII3, VII«. 


2¢ A proof of the equivalence of 3 and 3’ can be outlined as follows: If |u| <1 
(u real), then |ft+ug| Smax(|f+g|, |f—g|). This can be used to show that for a 
given set of u;’s and an f, we can find a set of «;’s with | = 1, such that 
—E(a;))f| < |} (E(b;) —E(a;))f|. This can be used to show that the least K of 3’ 
is greater than or equal to the least K of 3. 
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Now corresponding to a basis, we can find a bounded resolution of 
the identity.”” A basis is absolute if and only if the corresponding 
resolution is absolutely bounded.?* Thus we may generalize Problem 
VI, to the following problem: 


PROBLEM VI2. Is every bounded resolution of the identity absolutely 
bounded? 


8. Resolutions and transformations. We need to consider only reso- 
lutions such that £,(A)=0, if \<0. A resolution E(\) will be said to 
be associated with a transformation T: 1. if E(0) is the manifold of 
zeros of T. 2. If the resolution E(A) is absolutely bounded, bounded or 
essentially bounded and E(A) is bounded, then T and E(A) are as- 
sociated as in Problems III, or III;. If the resolution is considered 
simply as closed, then T and E(A) are associated as in Problems III. 
or III,. 3. If the resolution E(A) is absolutely bounded, bounded or 
closed and 0<a<f then T is an isomorphism on the range of 
E(8)—E(a). If E(A) is essentially bounded and 0<a< and there is 
no singular point between a and 8, then T is an isomorphism on the 
range of E(8)—E(a). 

A special case is that in which T takes the range of E(8)—E(a) 
into itself. (Here certain of the above restrictions may be ignored.) 
Lorch has shown that if T is associated in this way with an absolutely 
bounded resolution, then one has an operational calculus for T [5] 
and the converse of this is quite simple. 

On the other hand one can show that there exist bounded trans- 
formations which are not associated with any absolutely bounded or 


27 Given a basis, %1, ++, with the corresponding functionals, fi, fe ---,a 
resolution of the identity can be obtained as follows: Let {d;} be a sequence of posi- 
tive numbers such that 0<A;<<A2< <1, and limi..A;=1. Let =0, for A<Ay, 
n(A) =n if An SA <Any: and forA 21, m(A) = ©. Then for n(A) =n let E(A)y =) xs 
Since the partial sums of a convergent biorthogonal series are uniformly bounded, the 
E(A)’s are readily proved to constitute a resolution of the identity. 

28 In the construction of the preceding footnote given any finite subset x; , - - >, %= 
of the x;, x2, - +--+ and corresponding functionals, fis -++, fe, we can find a set ai, 5; 
such that (E(b;) —E(a:))y=)_ (y)x/ . Thus if the corresponding resolution is 
absolutely bounded, the partial sums of the subsequences are also uniformly bounded 
and the basis is absolute. The proof of the converse is longer but not essentially more 
difficuit. In }u;(E(b;) —E(a;)) we consider the real and imaginary parts of the sum. 
In either part, we can replace the corresponding part of u; by either +1 or —1 and 
at most increase the bound. Thus it can be shown that the bound of the given sum 
does not exceed the sum of the bounds of four sums in the form DY E(bi) —E(a;). The 
uniform bound of the latter is of course determined by the uniform bounds of the arbi- 
trary partial sums if the given basis is absolute (cf. [6, pp. 564-566]). 
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even bounded resolution of the identity.2® However we may still ask 
this question: 


ProBLEM VIII;. Does every bounded transformation possess an es- 
sentially bounded resolution ?*° 


A similar Problem VIII, arises when we simply ask for a closed 
resolution. A closed transformation determines a bounded transfor- 
mation from the graph to the domain space A {f, Tf} =f. It is readily 
seen that if A possesses a resolution, T will also. Thus we need not 
consider closed transformations. 


9. Abstract resolutions and transformations. One may also attempt 
to define the notion of association, relative to the abstract resolu- 
tions on a family M(A) of manifolds. Here again we need only concern 
ourselves with bounded 7’s and a tentative definition is: 1. t(0) 
is Nr. 2. M(A)CM(u) for A<p. 3’. MA) is associated with T as in 
Problem IV. 

What is desired here is a generalization of the notion of the resolu- 
tion of the absolute value of the transformation and a consideration 
of examples with finite-dimensional domain spaces shows that here 
this definition does not yield the desired result. Nevertheless in these 
cases the usual “choosing the maximum” construction does yield a 
family I(A) for 0<A<C, C being the bound of T with the Proper- 
ties 1, 2 and 3. T has bound A on P(A), and 4. The family M(A) is 
maximal, that is, if fE MA), there exists a X’ =X, for which fEM(A’) 
implies that 2 or 3 is false. 

For our general discussion, we introduce the following definitions: 
M will be said to be an over-A-manifold if fEM implies | Tf| [AI f| . 
NCH will be said to be a coverover-A-manifold if | Tf| =A|f| implies 
that there is an F in % with F(f) +0. Similarly we define an under-)- 
manifold and coverunder-A-manifold. 

In Hilbert space there are manifolds which are both over-A-mani- 
folds and coverover-A-manifolds. Since in more general spaces, these 
are in different spaces, one can’t expect this result to generalize read- 
ily. However it may happen that IA), for \<0, may have a com- 
plement or quasi-complement which is an over-A’-manifold for \’>0. 
We say then that the resolution IU(A) is conjugated and thus we have 
this problem: 


29 Cf. Appendix VI. 

3° If an e.b. resolution is associated with T, it is not in general unique. However 
if the answer to Problem VII; is yes and one e.b. resolution exists for T, then there is 
also one with simple spectrum. In general, each Problem VIII can be reterred to the 
projection situation for Str and the answers to Problems V or VII. 
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PrRoBLEM IX. Do there exist transformations T which do not possess 
a conjugated manifold family? 


One can establish without great difficulty, the existence of a family 
of manifolds It(A) with the Properties*! 1, 2, 3, 4. The definitions 
yield that if 2 is a maximal under-\-manifold, Dt is a minimal cover- 
over-A-manifold. 


10. Comment. The above discussion shows clearly the approach to 
the analysis of a specific transformation T. For instance, let us con- 
sider the problem of determining the projections E, which are associ- 
ated with a given T as in Problem III,. Suppose T-' exists. This 
association is equivalent to the statement “TE7~— is bounded.” Sup- 
pose the bound is k. Let Nt be an under-A-manifold for T and an over- 
o-manifold for E. Then EY must be an under-kA/o-manifold for T. 
For a bounded £ a similar condition is sufficient. Thus the problem 
can be referred to the \-manifold. 


PROBLEM X. Given T, find the various h-manifolds. 


While this discussion does not present an exhaustive list of the 
problems one meets in this field, the others are apparent from the 
given considerations. 


APPENDIX I 


We establish certain results which are essential in the theory of ab- 
stract resolutions. We consider a vector space 8 and Ja closed linear 
set in B. Let G/M be as in §2 and Bg denote the conjugate space to 
B/M. 


LemMA 1. and By are isomorphic. 


Let us correspond to a functional G in Sg, a functional F on $ de- 
fined by means of the equation F(f)=G(c) if fEc. One can readily 
show that F is linear with | F| =|G| and FEM". On the other hand, 
given an FEM", we see that F(f) is a function of the class, modulo M, 
of f, that is, F(f)=G(c), fEc, for some GE Bq. Thus the correspond- 


31 Suppose that the bound of T is 1. To obtain the manifolds D2(A), we proceed 
as follows: It is easy to prove that if Dt is under-d, there is a maximal under-A- 
manifold which contains it. Thus we may take Pt(1/2) as a maximal under-1/2- 
manifold which contains ¥t7, )2(3/4) as a maximal under-3/4-manifold which contains 
(1/2), M(1/4) as a maximal under-1/4-manifold contained in Mt(1/2) and con- 
taining Jt7, and so on. For other values of \ between 0 and 1, Mt(A) is the intersection 
of the manifolds defined for larger values of \. The resulting family can be shown to 
have the Properties 1, 2, 3, 4. 
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ence, F~G is one-to-one between Dt* and Bg and metric preserving. 
Finally one observes that it is additive and hence Bg and M are 
isomorphic. 


Lemma 2. Suppose B is reflexive. Given an element co€B/M, there 
exists an ho€®B such that if FED corresponds to GEBg as in Lemma 
1, then F(ho) =G(co) and | ho| = | co| 


Each in determines a linear functional Ko(G) of the GE Bm, 
with K»o(G) =G(co). Correspondingly, we have an Hy defined on Pt‘ 
such that Hy(F)=Ko(G). Now Hp has an extension H defined on 8 
with | Ho| =|H| and such that for FEM, Ho(F)=H(F) [1, corol- 
lary p. 29]. (For the extension giving complex homogeneity refer to 
[2]. A similar proof is given in [9] for 8=L, which can be readily 
generalized.) Since % is reflexive, there exists an ho€% such that 
F(ho) = H(F) for all FEB. Thus if F~G as in Lemma 1, G(co) = Ko(G) 
= H,(F)=H(F)= F(ho) and |co| =| Ko| =| Ho| =| H| =| hol. 


LemMMA 3. The ho of Lemma 2 is in co and minimal in co, that is, 
ho is such that | ho+g| = | ho| for every gin M. 


If fEceo and we have a GE Bm, such that F(f)=G(co) 
= F(ho). But F(f)=F(ho) or F(f—ho)=0 for every FEM implies 
f—hoE(M)*. Now (M")*=M since B is reflexive. (Cf. [9, proof of 
Theorem 1.3, p. 85].) Thus f—Ao€M, which implies, since f Eco, that 
hoEeo. Since | ho] =|co|, | ho] <|f| for every fEco. Furthermore ho+g 
is in co for g€M and thus we have shown the second statement. 

A space is said to be strictly convex, if |f+g|<|f|+|g| when f 
and g are not linearly dependent. 


Lemma 4. The minimal ho is unique, if B is strictly convex. 


If |co| =0, the minimal element is precisely 6. Suppose | co| ~0 and 
that ho and / are distinct minimal elements. It is readily seen that ho 
and h are linearly independent and that also 3(4o+h) is in co. Since 
strict convexity implies that |3(ho+h)| <3] ho| +3|h|=|co|, we 
have a contradiction and only one minimal element is possible. 

J. Clarkson has shown that if $ is uniformly convex (cf. [3, Defini- 
tion 1, p. 396]) then each cp contains a minimal element ho. This re- 
sult is unpublished and is less general than that given above (cf. [8] 
or [12]). In this connection one should also mention the result of 
Clarkson [3, p. 413], that any separable Banach space can be assigned 
an equivalent norm, which is strictly convex. 

In the cases in which the minimal element is unique, conditions 1 
and 4 of §2, determine precisely the set J of minimal elements. 
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Lemma 5. The set of elements ho, minimal relative to M, is the set of 
elements h for which there is an F¥0 and EM", such that |F | .| h| 
= F(h). 


Suppose and EM and hare such that | F| -|4| = F(h). Thus 
if F(g)=0 and | F| -|kh+g| = F(h+g)=F(h)=| P| -| |. Hence 
|h-+g| 2|h| and 4 is minimal relative to Dt. On the other hand sup- 
pose ho is minimal relative to Pt and ho€co. There is a GoE Bm, such 
that Go¥0 and | Go| -|co| =Go(co). (Cf. [1, chap. 4, §2, Theorem 3, 
p. 55].) By Lemma 1, we have an FEM, with | F| =|Go| and 
F(ho) = Go(co) = | Go| - |co| =| F] -| 4]. Thus ho is an h for which there 
isan FEM" such that F(ho) = - | ho|. This completes the proof of 
the lemma. 

Another result is this lemma: 


F 


Lemma 6. If % is reflexive, then 6/IM has the same property and in 
particular is complete. 


Proor. Let #(G) be a linear functional on the set of linear func- 
tionals on $/IM. Correspondingly there is a functional ¢’(F) on De. 
This can be extended to B and hence t’(F)= F(k) for some k of &. 
If c is the class of k, we have ¢(G)=t’(F) = F(k)=G(c). Thus 8/M 
is the set of linear functionals on a complete space and is readily 
proved to be complete. 

APPENDIX II 


Let M and MN be orthogonal complements in §. Let T be bounded, 
®7 dense and such that T—! exists. We shall show that there exist T’s, 
M’s and M’s such that the closure Mt’ and M’ of TM and TM are 
neither complementary nor quasi-complementary and if E is the pro- 
jection on It, TET— does not have a closed extension. 

Suppose we have a complete orthonormal set ¢o, ¢1, -- - and a se- 
quence of numbers A;>0, with 0A; < ©. Let Define 
a transformation T”’ by means of the equation +Bido) 
and let T’ be defined as the least additive extension of T’’. (Cf. [15, 
p. 45, Theorem 2.10] or [11, Definition 4, p. 32].) 

T’ is bounded. For the domain of T’ consists of those f’s in the 
form and each a; is such that |a;| <|f|. Then |T’f| 
Since T’ is bounded, it possesses a bounded extension, T with domain 
the full space. (Cf. [15, p. 57, Theorem 2.23] or[11, p. 10, Theorem 
IT].) 

For T, we have that Tf=6 implies f=6. For let f=)>oai@;. Then 
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implies \fa;_1=0 for i=1,2,--- or a;=0 for i=0, 1, - - -. Hence 
f=6 and T has an inverse. 

Rr is dense, for Rr contains and since A;—>0, B;—1, 
the closure [9r] must contain ¢o. Subtracting Bido, we can show that 
[Rr] also contains ¢$;4; for i=0, 1, - - - . Hence [Rr] contains a com- 
plete orthonormal set and is the full space. (Cf. [11, p. 21].) 

Let I be the closed linear manifold determined by the ¢,’s with 
even subscripts, Jt by those with odd subscripts. Jt and M are orthog- 
onal complements. It is readily seen that [TM] and [TR] both con- 
tain @» and thus are not even quasi-complementary. 

If E is the orthogonal projection on I2, TET—!= F does not have a 
closed extension. For let f;=Azuox+1+fabo, then Ff =f and fi—¢o. 
Hence if F has a closed extension [F] then [F]¢o would exist and 
equal ¢o. On the other hand, if gi we have Fg. =0 
and gi—¢o. Thus if [F] exists, we would have [F]¢o=8. This contra- 
diction shows that [F] does not exist. 

While the above argument is given only for Hilbert space, it can be 
readily extended to any space having a basis, ¢o, gi, -- - for which 
there is a k such that 2.0a.¢; implies | a;| <k| f|. 


APPENDIX III 


Let T be a bounded transformation from §; to $2 or in § and let M 
be a closed linear manifold such that T is an isomorphism on J. We 
shall show that T preserves complementation for at least one comple- 
ment to 

Let WH=T be the canonical resolution of T where H is self-ad- 
joint definite, W partially isometric. (Cf. [16, Theorem 7, p. 307] or 
[8, Theorem 1.24, p. 312] or [11, chap. 9, p. 95].) Let H have the 
form {oAdE,(A). We suppose, as we may, that §2 is precisely the 
closure of the range of T. 


Lemma 1. There exists a c.a.d.d. transformation T"’ from $2 to $1, 
whose domain ts Rr and whose range ts the range of 1 — E,(0) and which 
ts such that TT’’C1, T’’T=1—E,(0). 


If hE Rr, there is a unique g in Ri_£,,0) such that Tg=h. hERr 
implies that there is an f such that Tf=h. Let g=(1—E£,(0))f. 
TE,(0)=0 implies Tf= Tg=h. This g is uniquely determined by h. 
for if Tgi=h=Tge, we have that T(gi—ge) =. Thus gi—ge is in the 
range of E,(0) and 1—£,(0) and hence is 6. Let T’h=g, 

From the above, we see that if h is in Rr, then TT’h=Tg=h 
and thus T7T’’C1. For g in Ri_z,«), T’’Tg=Th=g and if f is in 
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Nr=Niz,«), T’’Tf=T’’6=0. The linearity of T’’T yields that 
T''T=1-£,(0). 


LEMMA 2. Let F be a projection M=Rr, N=Nr, NOMNr. If TFT”’ 
is bounded, its closure is a projection and It’ and Nt’ are complementary. 


F,= TFT" has domain which is dense. Thus [F,] has domain 
H2. Since Nr DNs, FE:(0)=0 and F(1—£,(0))= F. Thus TFT’’T FT” 
Thus This yields 
[F2]?= [Fe], since F is bounded. Thus [F2] is a projection. 

Rr, = TM for TFT" implies Rr, TM while if zETM, g=Tyf, 
fEM and 

Fog = Tf=TF(i—E(0))f=TFf=Tf=g. 
Thus for gETM, Fog=g. Thus Rr. =TM and =M’. 

A similar discussion will show Nr,=T® since NDMRr. Now if 
geRr=Dr,, then gz=h+h, mhECTM, and F.g=h. Now if 
[F2]f=6, there must be a sequence of such g’s approaching f with the 
corresponding h,’s approaching @. Thus f is also the limit of the h,’s 
and hence is in Jt’. Thus 2’=Njr,). 

Since F is bounded these facts show that It’ and MN’ are comple- 
mentary. 


LemMaA 3. Let T be an isomorphism on It. Then there exists a o>0, 
such that 1— E,(Xo) when contracted to M is also an isomorphism. 


Since T is an isomorphism on MM, there exists a constant C such that 
for fEM, | TF|=C\Ff|. (Cf. [1, chap. 3, Theorem 5, p. 41] or [11, 
p. 50, Theorem IV].) This may be written 


| TEC/Df+ TA Cl 


Since T preserves orthogonality for manifolds which reduce H [8, 
§5, Definition 1, p. 312 and Theorem IV, p. 313], we get 


| TE(C/2)f|? + | — Ex(C/2))f|? = f|*. 
This implies, if C, is the bound of T, 
(C/2)?| Ex(C/2)f|? + Ct] (1 — Ex(C/2))f|? = C*| 
Using | 2=|f| ?—| 2, we get 


Thus there exists a constant K such that | (1—E,(C/2))f|*2K?|f| ? 
for all f in M. Since 1— E(C/2) is bounded this establishes the result. 
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Let B be the contraction of 1—E,(C/2) with domain 2. From the 
above we see that B— exists and has bound K-. B is closed since it is 
defined on a closed linear manifold. Since B- exists and is bounded 


M=Rz is also closed. CRi-z,.0), and 
LEMMA 4. TE,(Ao) T”’ and T(1 have bound 1. 


We have TE,(Ao)=E2(Ac)T and T(1—E,(Ao)) =(1—E2(Ao))T (cf. 
[8, §5, Definition 1, p. 312 and Theorem IV, p. 313]). Applying T’”’ 
first we get TE,(Ao)T’’ CE2(Ao) and T(1—Ei(Ao))T’’ C1 and 
hence TE\(A9)T’’ and have bound 1. 


Lemma 5. If is included in the range of 1—E,(Xo), Ao >0, 
then TET" is bounded. 


If E is the orthogonal projection on JR, E= E(1 — E,(Ao)). The trans- 
form is TET’’ = TE(1 —E,(o))T” = TE(1 — E,(0))(1 — Ei(Ao))T”’ 
=TET"'T(1—E,(0))T’’. T is an isomorphism on the range of 
1—E,(Ao) and hence the complementation of M and HEMAAc)OM 
relative to SGti(Ao) must be preserved as a complementation rela- 
tion relative to the range of 1—E2(Ao). Thus TET”’ is bounded rela- 
tive to the range of 1 — E2(Ao) which includes that of T(1—Ei(Ao))T”’. 
Since T(1—E,(Ao)) T’isalso bounded, = TET” 
is bounded. 


LEMMA 6. TB-'!T”’ exists and is bounded. 


First we establish that the domain of TB-!T”’ is TM. For Drgar’ 
=Dz,47. Since T and T” are in an inverse relationship relative to 
Rs_z, 0), which includes M, 

For fEMCRi_z£,0,), we have | Tf| =ol f| . Since T’’ and T are in- 
versial for gE TM, | T’’g| S(1/Ao)| g|. Since B-! and T are bounded 
this yields the desired result. 


Lemma 7. BE its a projection with range It and manifold of zeros 

Since ES1—E,(Ao) and BC1—Ei (Ao), we have EB-'g=g for g in 
Thus EB-'Ci and (B“E)(B“E) =BE.. BE 
is bounded and has domain the full space since Rzg= Ds. Hence it is 
a projection. Since 
= 

We are now in a position to obtain our result. For TB“ET” 
=TB-(1—E,(0) )ET” = TB“T" TET” =(TB“T")(TET”) which is 
bounded by Lemmas 5 and 6. Since De DNr, Lemma 2 shows that T 
preserves the complementation of Nt and M". 
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APPENDIX IV 


We give an example in Hilbert space of a closed T, whose domain 
includes a cl. 1 MM, for which Ty is not closed nor has a closed exten- 
sion. We first prove the following lemma. 


Lemma. Let af, - - -}} denote a sequence of sequences with 
the property that as ©, and for a K independent of 
kh, Does K. Then as ko 


ProoF. No clarity is lost if we suppress k. Let c;=a,#2‘. By hy- 
pothesis, c;| Now a;| =o | ci| <K2-"3¥?2, 
by Schwarz’s inequality. Our hypotheses also imply that for every 
N, ai|i—0. These results imply that lim sup De | al 
< K2-%31? for every N. Hence 

Let ¢o, $1, - - - be a complete orthonormal set in §, let ¥.=@2x-1, 
for k=1, 2, --- and for k=1, 2, - - -. We define a trans- 
formation by the equations T” 
k=1, 2,---.T” hasa linear extension T’. f is in the domain of T’, 

The condition that J’ have a closed extension T is that whenever 
{f} is a sequence in the domain of JT’ such that |f|2—0 and 
T'f”—g, then g=0. Suppose we have such a sequence of f's and let 
2=) We shall show that g=8. 

To do this we first show that co=0. Suppressing the superscript we 
let f determine a; and b; as above. Then )-72;ia;—co. Now we have 
since and Tf—g, that and that there 
is a K such that }°2,|b;—ia,2‘|?<K. Since the )02,|b;|? are 
bounded we may even infer ,| ia;2‘|?<K, for a constant Our 
lemma now tells us that 02 ia;—0 and thus co=0. 

Since for i= 1, we have (6; —i2‘a;)—>c;, we must also have c;=0 for 
421. Hence g=@. Thus T” has a closed extension T. 

If M is the closed linear manifold determined by the ¥x, TM is the 
set determined by ¢2, - - - . Let c, denote the class of (1/k)w: 
relative to Mt, which is also the class of h,=2")it(1/k)ox. Now 
Hence Thy =p. Let Co be the class 
of relative to TM. Then |cx| =1/k and hence c,—9. Also Tyycx 
=Co—Co, with | co| =1 since ¢o is in (TM)*. Hence Tm does not have 
a closed extension. 


APPENDIX V 


We suppose that each %; is separable, regular (%; reflexive), and 
strictly convex. If T is closed and preserves minimality relative to 
M, then Ty is closed. 
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For suppose {c;} is a sequence of B,/M such that c; and Tme; are 
convergent tocandc’, respectively. Let 4; be the minimal element of 
ci, h that of c, g that of c’. 

There is a linear functional G defined on %,/M such that G(c) 
=|G|-|c|. As in Appendix I, there corresponds an FEM with 
—G(c) = F(h). 

The |h;| =|c¢;| are bounded. Thus there is a subsequence of the h; 
which is weakly convergent to an h’ with |h’| < lim |h;| = lim |c;| 
=|c| =|h| or |h’| <|h|. Also | Fl F(h’)=F(h) =| - It 
follows that |h| =|h’| and F(h’)=F(h). It can be shown that this 
implies that h=h’, if the space is-strictly convex.” 

Thus if {c;} is convergent to c, then a subsequence of their mini- 
mal elements is weakly convergent to the minimal element of c. Thus 
we can choose a subsequence of the /;’s which converges weakly to h 
and of these a further subsequence can be chosen so that the Th; 
approach g. Thus {h, g} is the weak limit of a subsequence of the 
{h:, Th;}. Since the graph is a closed linear set, it is weakly closed. 
Thus {h, g} is in the graph of T and Th=g. Hence Tye exists and 
equals c’ and Ty is closed. 


APPENDIX VI 


We give here an example of a transformation, which is not associ- 
ated with any absolutely bounded resolution in the sense of Lorch or 
with any bounded resolution in the sense of §8. 

For if T={“@(A)dE(A), in Lorch’s notation for an absolutely 
bounded resolution, E(A), then the set Mtr of zeros of T has a projec- 
tion of bound K on it. This is also true if, in the sense of §8, T is asso- 
ciated with a bounded resolution. Thus it will be sufficient for our 
purposes if we construct a T such that tz does not possess a bounded 
projection. 

Let us consider the construction given in [10, p. 152] of a manifold 
without a projection and in particular the terminology used there. 

We regard /, as a sum ) @/,,*. Let F, be the projection of J, on the 
nth term in this sum, that is, on the /,,3. Let E, be the projection of 
l,, on M,. Let A, be such that \,(F,—E£,F,) has bound 1. It can 


% One shows that if h is such that F(h) =| F| -|h| and g is such that F(g) =0, then 
|h+g| =|g|. For | Fl -|4+g| =| F(h+g)| =F(h) =| Fl -|h|. Thus and h’ are mini- 
mal relative to the set of g’s for which F(g) =0. Since F(h’ —h) = F(h’)— F(h) =0, they 
are in the same class relative to this set. For a strictly convex space this minimum 
in a class is unique. 


| 
| 
| 
| 
| 
| 
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readily be shown that T=)-%..\,(F.—E,F,) has bound 1 and that 
the zeros of T form the set $, which has no bounded projection on it. 
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CONFORMAL GEOMETRY OF ONE-PARAMETER 
FAMILIES OF CURVES 


ROBERT COLEMAN, JR. 


A single regular analytic arc in the plane has no conformal differ- 
ential invariants. The conformal theory of curvilinear angles was ini- 
tiated by Kasner,!and has been elaborated by him and others. The 
present paper is concerned with conformal differential invariants of a 
real one-parameter family of regular analytic arcs in the plane. We 
assume that the family is defined in some region R of the (x, y)-plane 
by an equation of the form: u(x, y)=constant, where u is a single- 
valued function which satisfies the conditions: (1) u is analytic in 
the region R, (2) u assumes real values for real values of x and y, 
(3) «+124 does not vanish in R. By a conformal transformation we 
shall mean a real conformal transformation, nonsingular in R. Our 
principal results are: When a family u=c is transformed conformally 
into a family U=c, the parameters of the two families being the same, 
the quantity A=(uz2+uy,)/(u2+24), and certain conformally invari- 
ant derivatives of A are unaltered. There exist rational functions of A 
and these derivatives which are independent of the parameter in 
terms of which the family u=constant is expressed. We obtain a geo- 
metric interpretation of the invariants and apply the results to a gen- 
eralization of isothermal families. 


1. The invariants. Let U(X, Y)=c be a one-parameter family in 
the (X, Y)-plane. Let this plane be mapped conformally on the (x, y)- 
plane by the transformation 


(1.1) X = X(z, 9), Y = 
where 
(1.2) X2=Vy Xy=—Va = Vez t+ Vy = 0. 


The family U(X, Y)=c is transformed into u(x, y)=c where u(x, y) 
=U[X(x, y), V(x, y)]. By differentiating this last identity we obtain: 


(1.3) UxX,+ = uz, UxX, + = uy. 
These equations together with (1.2) give 


(1.4) + Uy), hin + 


_Received by the editors April 6, 1941. 
1 Proceedings of the International Congress at Cambridge, 1912. 
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Differentiating the first of (1.3) with respect to x and the second with 
respect to y, and making use of (1.2) we obtain 
(1.5) haz + Uyy = J(Uxx + Uyy). 

This equation with (1.4) gives 


Use Uyy Uxx + Uyy 


(1.6) = 


Hence the quantity A=(Uxx+ Uyy)/(U%+ Uj) is unaltered. 
Let dS denote the linear element of the (X, Y)-plane, and ds that 
of the (x, y)-plane. Under the mapping (1.1) we have 


(1.7) dS? = Jds?. 


Let Q(X, Y) be a differentiable function defined in a region R’ of the 
(X, Y)-plane, C’ any arc with continuous tangent in R’. Let dQ/dS 
denote the directional derivative of Q along C’ at some point P’. 
Let Cand P be the images of C’ and P’ under the mapping (1.1), and 
suppose that under the mapping we have Q[X (x, y), Y(x, y)]=q(x, y), 


then 
(=) 2) 
dS P’ ds P 


This equation together with (1.4) gives 
1 iQ 1 dq 


dS (uw, + ds 
Equation (1.8) holds in particular when d/dS denotes differentiation 
along a curve of the family U=c. In what follows we give d/dS this 
meaning. The curve U=c is so oriented that if @ denotes the angle 
from the positive direction of the X-axis to the positive direction of 
U=c, then 
cos@ = Ur[Uz+Ur], . + Ur]. 

Since angles are preserved by the mapping (1.1), equation (1.8) 
holds if the derivatives are taken along orthogonal trajectories of 
U=c and u=c. The trajectories are so oriented that the angle from 
the positive direction of U=c to the positive direction of its orthogo- 
nal trajectory is 7/2. We shall use the symbol d/dN to denote differ- 
entiation along an orthogonal trajectory of U=c. 

Suppose that J(Ux, Uy, Uxx, - + - ) is any differentiable function of 
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the derivatives of the first » orders of U(X, Y) which is unaltered by 
the mapping (1.1), that is, 


I(Ux, Uy, Uxx,+ ++) = I (ts, ty, Uz, ). 
Then from (1.8) we see that the quantities 
1 dI 1 dI 


will also be unaltered; furthermore, they depend only on the deriva- 
tives of U of the first +1 orders. We have seen that A is unaltered. 
Hence from A we may obtain an infinite number of other invariant 
functions of the derivatives of U by repeated application of the opera- 
tors 

d 1 d d 1 d 


If Q(X, Y) is any p times differentiable function we will write 


dQ dQ 


From (1.4) and (1.7) we obtain [U{%+ U}]|dS? =(u2+12)ds?. Sup- 
pose that Pj, P/ are two points on the same curve U=co and Pi, P2 
are the corresponding points on the curve uc. Since the trans- 
formation is nonsingular, by hypothesis, we have 

[Ux + Uy] dS = (uz+uy) ds 


Pi Pi 


where the integrals are taken along U=cpyand u =o, respectively. We 
have this theorem: 


THEOREM 1. When a family U=c 1s transformed by a conformal 
transformation into a family u=c, the quantities 


2.1/2 
(1.9) , (Ux + Uy) dS; A, 


Py 


are invariant. 


it is to be noted that the quantities (1.9) are expressed in terms of 
a particular parameter, and are not independent of changes of param- 
eter. For isothermal families, Aand its derivatives in (1.9) vanish iden- 
tically when the parameter is suitably chosen. For other families we 
have this theorem. 


ds. [uz + aN 
| 
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THEOREM 2. For non-isothermal families, there exist rational func- 
tions of the quantities (1.9) which are independent of the parameter in 
terms of which the family is expressed. 


To establish this theorem we note first of all that since U;+U}0 
by hypothesis, X, Y may be expressed in terms of U, V where V=k 
gives the orthogonal trajectories of U=c. We have 


vats 
NN 


| 


(1.10) 
where 
Vy Vx 


Suppose now that the parameter of a non-isothermal family is 
changed by means of the equation U=h(U). Then if we denote by 
A(P’) the value of A at a point P’ we have 


(1.11) ¢A(P’) = (log ¢) + A(P’), 


where ¢=dh/dU and the bar refers to the parameter U. With a point 
P’(U, V) we may associate a second point Pg on the same curve 
U=cy as follows. Let V=ko be some fixed orthogonal trajectory cut- 
ting every curve U=c in the region R’; then P¢ is the point (U, ko). 
From (1.1) we have 


(1.12) ¢[A(P’) — A(P¢)] = A(P’) — A(Po). 
From (1.10) we obtain 

d d 

d 


= 
— 
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Now let L(P’; P?¢) be any rational function of A and a finite number 
of the derivatives in (1.9). Let Z(P’; Pé) denote the same function 


of the corresponding quantities for the parameter U, and suppose 
that L and L satisfy 


(1.15) o"L(P’; = L(P’; 
then we can obtain two other such functions involving the derivatives 
in (1.9) up to the (p+1)th order if ZL involves them up to the pth 


order. For (1.14) and (1.15) give @"*+!Zx=L,. Hence L, is one such 
function. Secondly, (1.13) and (1.15) give 


= 
+ — (log ¢) = Lv. 


This, by virtue of (1.11) and (1.15) is equivalent to 
= M, 
where 
M=T5+nLA(P), 
so that M is a second such function. Now from (1.12), A(P’) —A(P¢) 
is one function of the type L above. Hence for each of the derivatives 
in (1.9) we can obtain a function rational in it and the lower deriva- 


tives which satisfies a relation of the type (1.15). The function ¢ in 
(1.15) can be eliminated as follows. We have seen that 


= [Ux + Ur] as, 
Po 
where the integral is taken along a curve U=¢o, is invariant. Clearly 
A(P’) = od(P’) 
so that 
AL = 
This completes the proof. 


2. Geometric interpretation. We have seen that when a family 
u(x, y)=c is transformed conformally into a family U(X, Y)=c, the 
quadratic form 


(2.1) (uz + uy)(dx + dy) 


is invariant. We may associate with the family u=c a surface 2, 
whose linear element is (2.1). 2 undergoes an isometric transforma- 
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tion when the (x, y)-plane undergoes a conformal transformation. The 
surface 2 is in conformal correspondence with the (x, y)-plane, corre- 
sponding points having the same coordinates (x, y), so that the family 
u(x, y)=c in the plane is the conformal image of a family u(x, y) =c 
in 2. Suppose that we have a family U(X, Y) =c in the (X, Y)-plane, 
with associated surface 2’. If there is an isometric mapping between 
2 and 2’ carrying u=c into U=c, then this mapping induces a 
conformal transformation between the two planes which carries the 
family u=c into U=c. Hence we have the following theorem: 


THEOREM 3. A necessary and sufficient condition that iwo families be 
conformally equivalent is that they admit parameters such that their asso- 
ciated surfaces are isometric, with the images of the families in the sur- 
faces corresponding. 


From (1.10) we obtain 


1 
22 dx? + dy? = ——— (du? + y-*dv’?). 
(2.2) y ( *do?) 
Hence the linear element of 2 is 
(2.3) do? = du? + p-?dv?. 


Using a standard formula for the geodetic curvature of a curve u=c 
in 2 we obtain? 


1 1 
(2.4) —= (105 ) 

p 
By virtue of (1.10) this is equivalent to 

1 1 
(2.5) —= (105 — ) = 

p 


As a consequence of this equation we have this theorem: 


THEOREM 4. The geodetic curvature of a curve u=Co through a point P 
of = is measured by the value of A at P. The operators d/dd, d/ddn de- 
note differentiation with respect to the arc length of the curves u=c and 
their orthogonal trajectories respectively. 


If K denotes the Gaussian curvature of = we have K = —p[u Jus. 
By virtue of (2.5) this is equivalent to 


(2.6) —-K=A?+A,. 


* Eisenhart, Differential Geometry, 1909, p. 134. 


| 
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THEOREM 5. The Gaussian curvature of = and its various rates of 
change along the orthogonal net determined by u=c is measured by ra- 
tional functions of A and its derivatives in (1.9). 


If two families are conformally equivalent, then for a suitable choice 
of parameters, the equations U(X, Y)=u(x, y), V(X, Y)=v(x, y), 
where V=K,v=k give the orthogonal trajectories, define a conformal 
correspondence. If the associated surface of U=c has the linear ele- 
ment dU?+ M-*dV?, then by (2.3) we have that M(U, V)=n(U, V). 
Conversely, if M(U, V)=n(U, V), the families are equivalent by 
Theorem 3. The function yp is an integrating factor of —u,dx+udy=0. 


THEOREM 6. Let the families u=c, v=k form an orthogonal net. Let 
U(X, Yy=C, V(X, Y)=K form a second such net. If u(u, v) is an in- 
tegrating factor of —ujdx+udy=0, then a necessary and sufficient con- 
dition for the conformal equivalence of the families u=c, U=C is that 
there exist parameters U=F(U), V=G(V) such that —UydX+UxdY 
=0 admits an integrating factor of the form p(U, V). 


The reciprocal relationship between a family and its associated sur- 
face is given by this next theorem: 


THEOREM 7. The orthogonal trajectories of a family u=c are con- 
formal images of a system of geodesics of the surface 2 associated with 
u=c. Conversely, if = is a real surface which admits conformal represen- 
tation on the plane such that a family of its geodesics corresponds to the 
orthogonal trajectories of a family u=c, then the family u=c can be so 
parameterized that the associated surface is isometric with 2. 


The first part of the theorem is an immediate consequence of equa- 
tion (2.3). Now suppose u(x, y)=c is a family in the plane, with or- 
thogonal trajectories v(x, y)=k. Let = be a real surface which can be 
mapped conformally onto the plane so that a system of its geodesics 
i=b go over into the family v=k. We may take on 2 a system of 
geodesic parameters consisting of #=b and their orthogonal trajec- 
tories, % =a, and the linear element of = takes the form da#?+¢(4@, 0)di*. 
The conformal correspondence between & and the plane may be writ- 
ten 0=f(v), 7=g(u). But these equations define a change of parame- 
ters in the (x, y)-plane, so that if we change the parameters of the 
families u=c and v=k in accordance with these equations we have 
dx?+dy*= 6) [da*+¢(a, Because of (2.2) 


0) = 0) = [u(a, o]-*. 


+ 
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Hence if we express the family u=c in the form a#=a we see from 
(2.3) that the linear element of the associated surface is given by 
do* =dii?+-{(a, This completes the proof. 


3. Generalization of isothermal families. Isothermal families are 
characterized by the fact that they admit parameters such that A=0, 
so that when an isothermal family is referred to such a canonical 
parameter the associated surface is of constant zero curvature. We 
shall determine those families which admit parameters such that the 
associated surface is of constant curvature. Such families are of spe- 
cial character and will be referred to as families of constant curvature. 

Given a family u(x, y) =c. Let the parameter be changed to #=h(u). 
Denote by K and K the curvatures of the corresponding associated 
surfaces. By use of equations (1.11), (1.13), and (2.6) we obtain 


d d? dh 
(3.1) [o(u) = K—A— [log ¢(u) | [log ¢(u) |, o¢=—: 
du du? du 


It follows from this equation that when a family of constant curva- 
ture is referred to an arbitrary parameter, A satisfies an equation of 
the form 


2 


d d 
A, + A? + A— (log ¢) + — (log ¢) + ag? = 0 
du du? 


where a is a constant. This equation together with the fact that 


+ Uyy 1 | 0 | 


Ox oy 

shows that the function u(x, y) must satisfy a special differential 
equation of the third order. The family u=c is consequently of special 
character. We may distinguish three classes of families of constant 
curvature: (1) flat families, which admit a parameter such that K =0; 
(2) spherical families, non-isothermal families which admit a real pa- 
rameter such that K = 1; (3) pseudo-spherical families, non-isothermal 
families which admit a real parameter such that K = —1. A family of 
constant curvature belongs to one and only one of these three classes. 
This fact is a consequence of (3.1) and the fact that a family u=c for 
which A=f() is isothermal.* The determination of all families of con- 
stant curvature is given in the following theorems. 


THEOREM 8. The orthogonal trajectories of any one-parameter family 


3 Eisenhart, op. cit., p. 96. 
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of straight lines is a flat family. Conversely, every flat family can be re- 
duced conformally to the orthogonal trajectories of some one-parameter 
family of straight lines. 


THEOREM 9. The orthogonal trajectories of any non-isothermal one- 
parameter family of circles of the form (x—«)?+(y —@)? =1+24+4 is 
a spherical family. Conversely, every spherical family can be reduced con- 
formally to the orthogonal trajectories of some one-parameter family of 
such circles. 


THEOREM 10. The orthogonal trajectories of any non-isothermal one- 
parameter family of circles of the form x°+(y—)*=C is pseudo-spheri- 
cal. Conversely, every pseudo-spherical family can be reduced conformally 
to the orthogonal trajectories of some one-parameter family of such circles. 


The proofs of these theorems are quite similar. Consider, for ex- 
ample, Theorem 9. Let 2 denote the unit sphere £?+7?+¢?=1. If 2 
be referred to its minimal‘ lines, a=c, 8 =d, then any real one-param- 
eter family of its geodesics is given by Ca8+(A —iB)a+(A+iB)B 
—C=0, where A, B, C are real functions of a real variable ¢. The 
equations X +i1¥Y=a, X —iY=68 define a real conformal correspond- 
ence between 2 and the (X, Y)-plane, the family of geodesics of = 
corresponding to C(X?+ Y?)+2AX+2BY=C. In general C0, so 
that the images of the geodesics of 2 are the circles 


x =) A 2 ~). 


From Theorem 7 it follows that the parameter of the orthogonal tra- 
jectories of the circles (3.2) can be so chosen that the associated sur- 
face for these trajectories is isometric with 2. This proves the first 
part of Theorem 9. Suppose, conversely, that we are given a spherical 
family u=c, referred to a parameter such that K =1, then 2 is the 
associated surface. By Theorem 7 the orthogonal trajectories of u=c 
are conformal images of a family of geodesics of 2. As before we may 
map = conformally on the (X, Y)-plane so that its geodesics go over 
into the circles (3.2). This mapping clearly induces a conformal corre- 
spondence between the (x, y)-plane and the (X, Y)-plane so that the 
orthogonal trajectories of u =c go over into the circles (3.2). This com- 
pletes the proof. The proofs of the two remaining theorems are en- 
tirely analogous. 


CoLuMBIA UNIVERSITY 


4 Eisenhart, op. cit., p. 109. 


SOME THEOREMS ON SUBSERIES 
J. D. HILL! 


1. Absolutely convergent series. A simple calculation reveals that 
the arithmetic mean value of all subsums (including the void sum) 
of a given finite sum s,=%+U2+ --- +4, is equal to s,/2. In this 
section we shall show (see Theorem 1 below) that an integral mean 
value can be found, consistent with the preceding, for the sums of all 
infinite subseries of a given absolutely convergent series )-u,=s. We 
begin by defining a one-to-one correspondence between the set of all 
infinite subseries of a given absolutely convergent real series }-ux.=s, 
and the set of all points on the interval J=(0<£<1). If £is any point 
of I then £ admits a unique nonterminating binary representation of 
the form 


where 

(1.2) a4, = 1 (15 ki < = 1,2,3,---); ax =O otherwise. 
To the point £ shall correspond the infinite subseries }°iu,. Con- 
versely, if >> <ki1) is a given infinite subseries of uz, we 
shall place it in correspondence with the point £ of I defined by (1.1) 


and (1.2). 
We now define a function $(£) by setting ¢(0) =0 and 


(1.3) = 0<t<1, 
where 0.a;a203---a,--- is the nonterminating binary representa- 


tion of £. In view of the above correspondence the set of all functional 
values ¢(£) for — on J is evidently identical with the set of the sums of 
all infinite subseries of }-u,. This fact leads us to investigate the in- 
tegrability of the function ¢(£) and we find that the following lemma 
holds. 


Lemna 1. The integral 


(1.4) J 


exists in the sense of Riemann, and has the value s/2. 


Received by the editors February 25, 1941. 
1 The author is indebted to the referee for valuable comments. 
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Before proceeding with the proof we may observe that this lemma 
furnishes a generalization of the fact mentioned above for finite sums. 
We may therefore express Lemma 1 in the form of the following theo- 
rem. 


THEOREM 1. In the sense of the integral (1.4), the mean value of the 
sums of all infinite subseries of a given absolutely convergent series is 
equal to one-half the sum of the series. 


PROOF OF LEMMA 1. We introduce the partial sums of the series in 
(1.3) and thus form a sequence of functions {¢,(£) } for #=1, 2,3, --- 
where @,(0) =0 and 


k=1 


For each fixed it is possible to choose the set of digits a1, a2, --- , Qn 
in 2" distinct ways. We denote these choices by aii, a2i,-** , Qni 
(¢=1, 2, 3, --- , 2). Then for each fixed 7 the set of all numbers £ of 
prises the interval Ini = (0.011002; Oni ) 
of length 2-*. The intervals J,; (¢=1, 2, - - - , 2") are mutually disjoint 
and collectively exhaust the interval J. On the interval J,; the func- 
tion ¢,(£) has the constant value >-_,a::uz. Therefore ¢,(£) is a step 
function. 

Since | and |¢(é) —¢,(£)| for all 
n=1, 2, 3,--- and all € (OS£<1), it follows that $(£) is the uni- 
form limit of a uniformly bounded sequence of step functions. This 
implies that (1.4) exists as a Riemann integral. To find its value we 
notice that ¢(£) +¢(1—£) =$(1) =s for all values of £ except those in 
the denumerable set T composed of all points having the form k-2-" 
for k=0, 1, 2,---, 2"; n=1, 2, 3,---. If we denote by S the set 
I—T, we have in the sense of Lebesgue, 


J +f oa 


Since each integral on the left has the same value as the integral (1.4), 
the proof is complete. 

By considering the series of real and imaginary parts it is easily 
seen that Lemma 1, and hence Theorem 1, remains valid for abso- 
lutely convergent series of complex terms. 

In addition to the properties of the function ¢(£) already men- 
tioned we may in passing call attention to some further properties 


— 
= 
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that it possesses. In the first place it is apparent that each of the step 
functions ¢,(£) is continuous everywhere in the interval 0<£ <1 ex- 
cept perhaps at points of 7, and that each is continuous on the left 
everywhere in this interval. On account of the uniform convergence 
of to it is clear that possesses the same properties. 
Moreover, it is not difficult to see that at each point of T, say 
a@,0111---, the saltus | | is equal 
to | tn—>k>ntte| . It follows at once that $(£) is continuous every- 
where if and only if u, is of the form a-2-* (k=1, 2, 3, - - - ), in which 
case Finally, by means of the property $(£)+@(1—£) =s for 
£ in S, we can easily establish the equation 


1/2+6 
= —» 0<6 81/2. 
26 J 2 / 
This shows that the mean value of the function ¢(£) is s/2 in every 
subinterval of (0, 1) whose midpoint is 1/2. 


2. Conditionally convergent series. Throughout this section >: 
will denote a conditionally convergent real series. For series of this 
type the corresponding sequence of functions {¢,(£) } defined by (1.5) 
will again be a sequence of step functions. Moreover, if }>::,; 
(ki<kiz:) denotes formally a given infinite subseries of }>u, it is 
clear that the behavior as n— © of the sequence {}°7_,uz,} is identi- 
cal with the behavior of the corresponding sequence {¢,(£)}, where £ 
is defined by (1.1) and (1.2). In studying the character of subseries 
we may therefore confine our attention to the sequence {a(é)}. 

An interesting subset of I is the set G of all points — which corre- 
spond to convergent subseries of }\uz. We shall prove that G is a set 
of the first category by establishing the following stronger result. 


THEOREM 2. For all points & of I except those in a set H of the first 
category we have 


(2.1) lim inf = — ©, lim = + 


ProoF. We recall the sets T and S as defined above in the proof of 
Lemma 1. We may regard S itself as a metric space S* by conserving 
the euclidean notion of distance. It is clear that S* is of the second 
category on itself. Furthermore, since all points of discontinuity for 
the step function ¢,(£) are included in the set T it follows that each 
of these functions is continuous on S*. 

Let A denote the subset of S* of all points £ for which lim sup, ¢,(£) 
<. The points of A correspond to all subseries whose partial sums 


| 
| 
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are bounded from above, except those in correspondence with points 
of T. 

The set A is of the first category on S*. To establish this fact let A, 
(m=1, 2, 3,---) be that subset of A of all points & such that 
$.(£) <m for all n=1, 2, 3,---. Then A=)>*_1Am, and each of 
the sets A» is closed in S* since ¢,(£) is continuous in S*. To obtain 
a contradiction we assume that A is of the second category. Then at 
least one of the sets A,,, say A,, must be such that its closure, namely 
A, itself, contains all points of S* which lie in a certain subinterval 
of J. We may assume this subinterval to be of the form 


(2.2) 0.BiB2--- Bp < E < Bp +27, 


in the binary scale. We now define the point - - - p41 p42 

by setting if 20 and y.=0 if u.<0 (R=p+1, 
p+2,---). By a familiar property of conditionally convergent se- 
ries, infinitely many of the y; are 0 and infinitely many are 1. Since 
the nonterminating representation of each point in T is ultimately 
comprised wholly of 1’s, it is clear that & belongs to S*and 
moreover, lies in the interval (2.2). On the other hand we have 
lim, $.(£:) = + ©, since the subseries corresponding to & is divergent 
to +. It follows that & cannot belong to A,, and this contra- 
diction completes the argument. 

From the fact just established we conclude that A is likewise of 
the first category on J. 

We now let B denote the subset of S* of all points £ for which 
lim inf, $,(&) > — ©. The set B evidently coincides with the set A de- 
fined with respect to the series }>(—ux). Thus B is also of the first 
category on I. 

Finally, the set T, being denumerable, is of the first category on J, 
and we observe that at each point of T the sequence {¢,(£)} is con- 
vergent. 

It follows that H=A+B-+T is a set of the first category, and that 
all points of J for which at least one of the relations (2.1) fails to hold 
are contained in the set H. This completes the proof. As a concluding 
remark we may observe that the set G, defined above, is of the first 
category since it is a subset of H. 

Theorem 2 was suggested by a theorem of the same general type 
established recently by Agnew? in connection with rearrangements 
of conditionally convergent series. The domain space I of Theorem 2 
occupies the role played by Agnew’s metric space E in which a point 
x= {k;} is a rearrangement of the sequence (1, 2, 3, - - - ) of positive 


2 Agnew, On rearrangements of series, this Bulletin, vol. 46 (1940), pp. 797-799. 
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integers and the distance (x, y) between the points x={k,;} and 
y= {h;} of Eis given by the formula of Fréchet 


(2.3) (xy) 


The analogous approach for subseries of conditionally convergent se- 
ries may be employed to yield a further theorem (see Theorem 3 be- 
low) of the same nature as Theorem 2. To this end we denote by D 
the metric space in which a point x is a strictly increasing infinite 
sequence {k:} of positive integers and the distance (x, y) between the 
points x and y= {h;} is given by (2.3). 

Unlike the space E of Agnew, the space D is complete, and there- 
fore, by the Baire theorem, of the second category. The proof of com- 
pleteness is entirely straightforward and may be left to the reader. 
It is likewise a simple matter to verify that the sequence {x,}.CD 
converges to x»€D, where x,= {Rr} for n=0, 1,2, - - - , if and only if 
integers N; exist such that kf =k? for all n>N; (i=1, 2, 3,---). We 
shall use this fact presently. 

To each x in D there corresponds an infinite subseries ) > ix, of 
> uz, and, of course, conversely. If for each x in D we set 


we may then state the following analogue of Theorem 2. 


THEOREM 3. For all points x of D except those in a set W of the first 
category we have 


(2.5) lim inf frlx) = — &, lim sup = +o. 


Proor. Let U denote the set of all x in D for which lim sup, f,(x) < ©, 
and let Un (m=1, 2, 3, - - - ) denote the subset of Uon which f,(x) Sm 
for all n=1, 2,3,---.Then U => ont Um. Moreover, each of the sets 
Ux is closed. For let xo={k?} be any point of the derived set Ux, 
and let {xp} be an arbitrary sequence in U,, converging to xo. If 


xp= {k?} for p=1, 2, 3,---, then, by the remark made above, there 
exist integers N; such that =&? for all p>N; (¢=1, 2, 3,---). If 
we let P, =max Ne, ---, Nx), then fn(xp) =fn(x0) for all p>Pr. 
Since f,(xp) Sm (n, p=1, 2, 3,---) it follows that f,(xo) Sm 


(n=1, 2, 3,---). Thus xo belongs to U» and U,, is therefore closed. 
If we assume that U is of the second category at least one of the 
closed sets Um, say U,, must contain a sphere K = [(x, xo) Sr] of posi- 


| ki — hi| 
2 1+| ki — 
| 
| 
| 
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tive radius r. Let the center x» be the sequence {x}, and let s be 
chosen so large that 2-*-!4+2-*-?+ --- <r. Nowa point X= {j:} of 
D exists such that lim, f,(X) = + ©, and such that j,4:>4°. If we de- 
fine x; as (Rf, Ro, jest, ), then x: belongs to K and 
lim, fn(x1) = + ©. Consequently x; cannot be a point of U, and this 
contradiction establishes U as a set of the first category. 

In a similar fashion it may be shown that the set V of all x in D for 
which lim inf, f,(x) > — © is likewise a set of the first category. Hence 
if we set W=U-+ V the theorem follows. 

Finally, let }>u, be a convergent series of complex terms for which 
>| u| =-+., and for this series let ¢,(£) [f.(x)] be defined as in 
(1.5) [(2.4)]. We may consider the series of real and imaginary 
parts in the light of Theorem 2 [Theorem 3] and thus show that 
the set of all £ on I [x in D] for which we have lim sup, | ba(E)| <@ 
[lim sup,|f.(x)| < © ] is a set of the first category. 


MICHIGAN STATE COLLEGE 


A FORMULA FOR THE DIRECT PRODUCT OF 
CROSSED PRODUCT ALGEBRAS 


SAUNDERS MacLANE AND O. F. G. SCHILLING 


1. Introduction. In this note we wish to present a uniform treat- 
ment of certain properties of crossed products. A crossed product over 
any field F is an algebra determined by a finite, separable, normal 
extension N of F, with a Galois group I, and a certain factor set'h of 
elements hs,r in N, for automorphisms S and T in IT. The crossed 
product (N, T,A) consists of all sums Diuszs, where the coefficients zg 
lie in N, and the fixed elements us have the multiplication table 


(1) usur = usrhs,r, Zus = usz8, zin N. 


Let K be a normal subfield of N, corresponding to the subgroup A 
of the Galois group I. A factor set g in N is called symmetric in A if 
£s,r=gu.v whenever SU-! and T V~—' are in A. 


Presented to the Society, May 3, 1941; received by the editors March 31, 1941. 
1 Definitions are given in A. A. Albert, Structure of Algebras, American Mathemati- 
cal Society Colloquium Publications, vol. 24, 1939. Theorems cited below without 
explicit source all refer to this work. 
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THEOREM 1. A crossed product (N,T,h) ts split by a normal subfield 
K of N if and only tf its factor set h is associate to a A-symmetric factor 
set §, where A is the subgroup of T corresponding to K. 


Part of this result may be stated more explicitly, using the factor 
group I'/A as the Galois group of K over F. 


THEOREM 2. A factor set g is A-symmetric if and only if there is a 
factor set G of elements G,,, in K, where o, rt are in T/A, such that, 
jor S in the coset «, T in the coset r, 


(2) §s,7 = 
Furthermore the corresponding crossed products are similar, 
(3) (N, T, 8) ~ (K, T/A, G). 


An equivalent of these theorems was stated by Deuring.? Since 
they were not used in Albert’s Colloquium Lectures, Deuring’s some- 
what obscure proof is apparently the only one available. We give 
here a new proof. It is based on the simple observation that the stand- 
ard proof? of the formula 


(4) (N,T, 8) X (N,T,h) ~ (N, T, gh) 


can be extended to treat the case (N, l', h) X(K, I'/A, G). From this 
formula we obtain the theorems above, as well as a general formula 
for the direct product of two crossed products built on any two normal 
fields. In a systematic treatment, this proof has the advantage that 
it involves practically no more trouble than the proof of the ordinary 
product formula (4), and includes this as a special case. 


2. Idempotents of matric subalgebras. It seems convenient to use 
the following restatement of known results about possible total ma- 
tric subalgebras of a simple algebra. 


THEOREM 3. Let the unity element of a simple algebra A be represented 
asa sum --- +e, of pairwise orthogonal idempotents. Then 
A has a total matric subalgebra M with a basis e:;,1,7=1,--- , t, hav- 
ing the usual multiplicatian table, e:j¢ jx =eix, =0 for jA~m, and so 
constructed that e;=e:i, fori=1,---, t, if and only if A has for eachi 
an automorphism which maps e on é;. 


2M. Deuring, Algebren, Ergebnisse der Mathematik und ihrer Grenzgebiete, 
vol. 4, no. 1 (1935), pp. 62-64. 

3 Given in Albert, partly in Theorem 2.27 and partly in Theorem 5.6, and, orig- 
inally, in somewhat different form, in H. Hasse, Theory of cyclic algebras over an alge- 
braic number field, Transactions of this Society, vol. 34 (1932), pp. 191-194. 
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ProoF. If A contains M, then A = MXC, where C is the centralizer 
of M (Theorem 1.17). The algebra M has an inner automorphism 
mapping én on e;;, and this can be extended, so as to be the identity 
on C, to all of A. This proves the necessity of our condition. 

Conversely, suppose each idempotent e; has the form e’, where 
€=4:, o is a suitable automorphism. Decompose e into primitive pair- 
wise orthogonal idempotents of A (Theorem 2.16), ase=f,+ - -- +f;. 
One then computes that the unity of A can be decomposed into the 
pairwise orthogonal primitive idempotents 1 =)_f/, where the sum is 
taken over all j7=1,---, 7 and over all o needed to give the idem- 
potents e’. The structure theorem (Theorem 3.19) then asserts that 
A=MxXD, where M isa total matric algebra with basis e;;, and «.ere 
the diagonal elements ez are the given idempotents fj. Each of the 
original idempotents e; is the sum of exactly r idempotents f7. Hence in 
M we select a subalgebra consisting of those matrices which are con- 
structed from blocks of r Xr scalar matrices. This subalgebra is itself 
a total matric algebra, and its idempotents are the given ¢;. 


3. The product formula. We now prove the following theorem: 


THEOREM 4. If K is a normal subfield of a normal field N, belonging 
to the subgroup A, then the direct product of two crossed products to N and 
K is given by 


(5) (NV, T,h) X (K, T/A, G) ~ (N, T, hg), 


where g is the A-symmetric factor set obtained from the given set G for 
T/A by the extension (2). 


Proor. Let C denote the direct product on the left of (5); since C 
has a unity element, we may regard F as a subfield of C. By the defini- 
tion of a direct product, C is generated by a subalgebra isomorphic to 
(N, T, A), which we can identify with this algebra, and another sub- 
algebra isomorphic to (but not identical with) the second factor 
(K, T/A, G); so we may write‘ C as 


(6) C = (N,T,hA) X (K’, T/A, G’), 


where the subfields K’ and N have only the elements of F in common, 
where K is equivalent to K’ over F under a correspondence y<«>y’, 
and where G’ is the map of G under this isomorphism. Each coset of 


* In (5), we simply use the ordinary convention, writing the direct product of two 
algebras not necessarily disjoint; in (6) we have C represented more explicitly as the 
direct product of two of its subalgebras. The distinction is a familiar one. 
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T'/A may then be interpreted as an isomorphism of K’ under the 
natural correspondence 


(7) (y’)* = (y5)’, y in K, S in the coset o. 


The crossed product (N, I, A) is determined by the formulas (1), 
while (K’, '/A, G’) is determined by similar formulas 


, 
= = yin K. 


The automorphisms S and o may be extended to the whole algebra C 
of (6) by the formulas 


s -1 1 
(8) a@ = Us dus, = 0, 


for any a in C. In a direct product, any term in one factor coinmutes 
with any term in the other, hence S leaves fixed all elements of K’ 
and a leaves fixed all elements of N. 

The direct product C contains the commutative subalgebra N XK’; 
since N is separable, this algebra is semi-simple (chap. 3, §7) and as 
such is the direct sum of fields L; with idempotents e;. Since 1 =) e;, 
L; has the form e;(N XK’). Let L be one of these fields, with idem- 
potent e. Then the mapping z—ez carries the elements z of N homo- 
morphically into L; since both are fields, this must be an isomorphism 
of N to part of L. For similar reasons, y’—ey’ maps K’ isomorphically 
on part of L. These two mappings agree on the common subfield F of 
N and K’. Therefore L contains the two fields eK and eK’, which are 
equivalent over eF because K and K’ are equivalent over F. Since K 
is normal over F, this implies that eK =eK’. This identity means that 
for each element y in K there exists an element y* in K’ such that 
ey =ey*, and such that the mapping y—y* is an equivalence of K to 
K’ over F. Now two mappings y—y’ and y—+»y* of K to K’ can differ 
only by an automorphism o of K’ over F, so that we may write 
y’=y*". One may then compute that the replacement of e by the 
idempotent e” simply replaces y* by y’ in the equation ey =ey*. Fur- 
thermore, e’ is the unity element of the field Z’, which is a direct 
summand of N XK’ because g, as defined by (8), is an automorphism 
of this algebra. Now change the notation, writing Z for L’, e for e’; we 
then have in N XK’ a direct summand L with unity e such that 


(9) ey=ey’, yin K, 


where y—vy’ is the given equivalence of K to K’. Furthermore, L =eN, 
though we do not need this fact. 

The idempotents e’, for o in I'/A, are all distinct. For suppose this 
were not the case; then e’=e for some ¢#1, so that e’*y=ey=ey’ 
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=e’y’. On the other hand, one computes by (9) that 


(10) ey = = (€y)te = =e 


so that e*y’ =e*y’*. Since the correspondence y’—¢e*y’ is one-one, this 
gives y’=y’* for all y’, which means that @ is the identity, contrary 
to assumption. The distinct idempotents e” belong to k distinct sum- 
mands L’ of NXK’, where k is the degree of K over F. Since each 
summand L’ has at least the degree of N, these summands include 
all the direct summands of N X K’. Hence every primitive idempotent 
in NXK’ is one of the idempotents e’. 

If S is in the coset ¢, then (e%)* =e; for one may compute the effect 
of multiplying (e5)’ by an element x% of K, getting 


= — (ex)5* (ex’)S¢ = — — x5)’, 


where the last transformation uses the definition (7) of the auto- 
morphism o. Since any element y of K can be written in the form 
y =x, this proves that eS“y=eS*y’, for every y. On the other hand, 
eS¢ is a primitive idempotent, hence is e’ for some 7 in I'/A. As in (10), 
one then computes that e5“y =e"y =e’y’*. Compared with the previous 
equation, this means that y’"=y’, hence that =1, hence that =e, 
as asserted. 

The conclusion eS’ =e may be reinterpreted in terms of the defini- 
tions (8) of the extended automorphisms S and a. It then becomes 
the assertion that e commutes with the product ugv,. If S is in the 
coset o, we write ws for usv,, and have 


(11) eWs = Wse, Wg = Ure. 


The idempotents e, e’, e’,--- of NXK’ are all conjugate in the 
given algebra C of (6); hence Theorem 3 provides a total matric subal- 
gebra M of C of degree k and with basis e;;, where e1: =e, ¢22 =e", - + - 
This algebra is a direct factor of C (Theorem 1.17); so 


(12) C = (N,I,h) X (K’, T/A, G) = M X B, 


where B is the C-centralizer of M. By the structure of a total matric 
algebra eCe will be a subalgebra equivalent to B. This subalgebra con- 
tains a subfield eNe=eN isomorphic to N, with automorphisms 
ez<ez5, and also contains elements ewse=ews of (11), one for each 
automorphism. The multiplication table for these elements may be 
computed, using the fact that eG =eG’;; it is 


(ez)(ews) = (ews)(e25), (ews)(ewr) = 


where S and T lie respectively in the cosets o and r. Since the whole 


) | 
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algebra eCe has the same degree as N, this means simply that eCe is a 
crossed product to eN and the factor set ehs,rG,,, (Albert, p. 67). 
Therefore (12) proves that C is similar to a crossed product B of the 
desired form. 


4. Properties of symmetric factor sets. We now return to the proof 
of Theorem 2 of the introduction. Given a factor set G of elements in 
K, one proves at once that the definition (2) for g does yield a factor 
set for I’. Conversely, if a given factor set g is A-symmetric, the asso- 
ciativity conditions gs,rrgr.ne=gsr.r(gs,r)” for R in A become 


= gsr,1(gs,r)*. 


But the associativity conditions with R=1 make gr,1=gsr,1, so the 
result above becomes (gs,r)*=gs,r; hence each element gs,7 of the 
factor set lies in the subfield K. One may then define G,,, by (2), and 
show that G is a factor set for K. For G so defined, the formula of 
Theorem 4 gives 


(NV, T, X (K, T/A, G) ~ (N,T, 8) ~ (N,T, 1) ~1. 


Multiplying by (N, T, g), one concludes that (K, '/A, G)~(N, I, 8), 
as in the formula (3) of Theorem 2. 

Theorem 1 now follows formally from Theorem 2. For, if an algebra 
(N, T, A) is split by the normal subfield K, it is similar® to a crossed 
product (K, ['/A, G), and by Theorem 2 the latter algebra is in turn 
similar to (N, I, g), where g is the A-symmetric extension of G. But 
(N, T, h)~(N, T, 8) gives h~g (Theorem 5.5), so A is the associate 
of a A-symmetric factor set g, as asserted. Conversely, if h is associate 
to a A-symmetric factor set g, then 


(N,T,h) ~ (N,T, 8) ~ (K, T/A, G), 


and the latter algebra is indeed split by K. This completes the proof 
of Theorem 1. 


5. Arbitrary direct products. Now we consider two crossed prod- 
ucts to any two given fields K and K’ which are finite, separable, and 
normal over a common base field F. The composite V=K\UK’ of K 
and K’ is uniquely determined; we may regard K and K’ as subfields 
of N. The Galois group T' of N/F is determined in terms of the groups 
and 2’ of K/Fand K’/F as follows.® 


5 Because any normal simple algebra A split by a field K normal over F is similar 
to a crossed product to this field K. This well known fact is contained in the proof of 
Theorem 5.1. 

6 This result is known, although explicit citations are rare. To prove it, observe 
that any S induces and is determined by o and o’, and then count the number of al- 
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LemMA. Let a field N be the join of two subfields K and K’, each finite, 
separable, and normal over a common base field F, so that N is also 
finite, separable, and normal over F. If o,0' are automorphisms of K, K’, 
respectively, which have the same effect on each element of the intersection 
K(\K’, then there exists one and only one automorphism S of N/F which 
induces the given automorphisms o and o'. Every automorphism S of 
N/F may be obtained in this way, and the correspondence S<(a, a’) 
maps the Galois group of N/F isomorphically on a subgroup of the direct 
product of the Galois groups of K/F and K'/F. 


Our most inclusive result on direct products now is the following 
theorem: 


THEOREM 5. Let (K, 2, G) and (K’, =’, G’) be any two given crossed 
products to fields K and K’ normal over F. Let S<>(a, 0’) and T+>(r, 
be any two automorphisms of the composite field, determined, as in the 
lemma, in terms of automorphisms of K and K’, and extend the given 
factor sets G and G’ to factor sets for KK’ by the formulas 


(13) gsr =Ger, 85,7 =Gerr, S—(a,0), T—(r1,7). 
Then the direct product of the two given crossed products is 
(14) (K, =, G) X (K’,=’,G’) ~ (KU K’, T, 68’). 


In the special case when K and K’ are disjoint, the Galois group of 
KUK'’ is just the direct product of the two groups = and 2’ and the 
formulas (13) mean simply that the matrix of gg’ is the Kronecker 
product of the matrices G and G’. This case has already been con- 
sidered by one of us.” In the case when K is a subfield of K’, the for- 
mula (14) specializes to the formula derived in Theorem 4. This 
special case gives a proof of (14) in general, for observe that (¢, 0’) 0 
maps I homomorphically on 2, so that the formula (13) really ex- 
tends G to be a factor set for T which is symmetric relative to a suit- 
able subgroup A. Therefore (K, 2, G)~(KUK’, I, g) by (3). The 
analogous result for K’ then gives (14). 
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lowable pairs (c, o’). If K, K’and K(\K’ have over F the respective degrees k, k's 
and d, then the degree of K\/K’ over F is kk’/d, and the number of pairs (¢, o’) which 
agree on the intersection K(\K’ is also kk’/d. Hence every (c, o’) is realized as an 
automorphism S of KK’. 

70. F.G. Schilling, The structure of certain rational infinite algebras, Duke Mathe- 
matical Journal, vol. 3 (1937), p. 305. 


CONNECTED AND DISCONNECTED PLANE SETS 
AND THE FUNCTIONAL EQUATION 
I(x) +40) =f(x+y) 


F. B. JONES 


Cauchy discovered before 1821 that a function satisfying the equa- 
tion 


f(x) + =f +») 


is either continuous or totally discontinuous.! After Hamel showed 
the existence of a discontinuous function satisfying the equation,” 
many mathematicians have concerned themselves with problems aris- 
ing from the study of such functions.2 However the following ques- 
tion seems to have gone unanswered: Since the plane image of such 
a function (the graph of y=f(x)) must either be connected or be 
totally disconnected, must the function be continuous if its image 
is connected? The answer is no.‘ The utility of this answer is at once 
apparent. For if f(x) is totally discontinuous, its image obviously 
contains neither a continuum nor (in view of Darboux’s work) a 
bounded connected subset even if the image itself is connected. As 
a matter of fact, if f(x) is discontinuous but its image is connected, 
then the image, its complement, or some simple modification thereof, 
serves to illustrate rather easily many of the strange and non-intui- 
tive properties of connected sets now illustrated by numerous com- 
plicated examples scattered through the literature. Thus this class 
of sets is a useful tool in studying connectedness and disconnect- 
edness. A few illustrations are given, particularly in connection with 


Presented in part to the Society, November 23, 1940, under the title Totally dis- 
continuous linear functions whose graphs are connected; received by the editors April 2, 
1941. 

1 Cours d’Analyse de I’ Ecole Royale Polytechnique, part 1, Analyse Algébrique, 
1921. This is Volume 3 of the 2d Series of Cauchy’s Complete Works published by 
Gauthier-Villars et Fils, Paris, 1897, p. 99. Darboux in his paper, Sur la composition 
des forces en statique, Bulletin des Sciences Mathématiques, vol. 9 (1875), p. 281, 
showed (using Cauchy’s methods) that if f(x) is bounded in some interval, then f(x) 
is continuous and of the form Ax. 

2G. Hamel, Eine Basis aller Zahlen und die unstetigen Lisungen der Funktional- 
gleichung: f(x+-y) =f(x)+f(y), Mathematische Annalen, vol. 60 (1905), pp. 459-462. 

3 See in particular the early volumes of Fundamenta Mathematicae. 

4 It is odd that Sierpinski overlooked this, since about the time he published his 
papers on this subject he also published in Volume 1 of Fundamenta Mathematicae 
an example of a connected punctiform subset of the plane. And at this time he raised 
with Mazurkiewicz the question of the existence in the plane of a connected set con- 
taining no bounded connected subset. 
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linearly ordered metric spaces. However, such sets are of no use in 
connection with inner limiting sets.® 


Convention. Throughout this paper f is used to denote a single-val- 
ued real function of a variable, whose range is the set of all real 
numbers, such that if x and y are real numbers (distinct or not) then 
f(x) +f(y) =f(x+y). The graph of the equation y=f(x) in a cartesian 
plane E will be denoted by J; and called the image of f (in E). A verti- 
cal line in E will be understood to mean the graph of an equation of 
the form x =a, where a is a real constant. 


1. Preliminary theorems. The following two properties are easily 
established * (1) f(rx) =rf(x) if r is zero or rational (positive or nega- 
tive) and (2) if three vertices of a parallelogram in E belong to J,, 
then the fourth vertex also belongs to J;,. 


THEOREM 0. For each f, I; is either connected or totally disconnected. 
THEOREM 1. If f is discontinuous, then I; is dense in E. 


THEOREM 2. Suppose that f is discontinuous. In order for I; to be 
connected, it is necessary and sufficient that I; intersect every continuum 
in E not lying wholly in a vertical line. 


Proor. Suppose that J; is connected and that M is a continuum 
in E not lying wholly in a vertical line. Then M contains a compact 
subcontinuum M, containing two points P; and P2 which lie in dis- 
tinct vertical lines. Let D denote the connected domain of E lying 
between these two vertical lines. It follows from Theorem 1 that if M; 
contains a domain, then J; contains a point of M,. On the other hand, 
if M, contains no domain, then D—D- M, has more than one compo- 
nent. Again by Theorem 1, the segment of J; between (but not in- 
cluding) P; and P, contains a point of every component of D—D- M, 
and hence contains a point of M,. Therefore the condition is necessary. 

To see that the condition is sufficient, suppose that J; is the sum of 
two mutually separate sets H and K. Let D denote a component of 
E-K, let B denote a point of K, and let w denote the point at infinity. 
The outer boundary (in E+w) of D with respect to B is a compact 


5 For constructing connected inner limiting sets see Theorem 118 on p. 309 of 
R. L. Moore’s Foundations of Point Set Theory, American Mathematical Society 
Colloquium Publications, vol. 13, New York, 1932, and Theorem 3 of E. W. Miller’s 
Some theorems on continua, this Bulletin, vol. 46 (1940), pp. 150-157. Moore has in- 
advertently omitted the stipulation that the elements of the postulated collection be 
mutually exclusive. 

® See the works referred to in Footnote 2. 
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continuum M lying in E+w and containing no point of I;.7 Hence 
M-—zw is a continuum’ in E which separates D from B in E. Conse- 
quently either M—w is an entire vertical line or M —w is not a subset 
of a vertical line. In either case M—w contains a point of I;, which is 
a contradiction. 


THEOREM 3. There exists a function f such that f is discontinuous 
and I; is not connected. 


ProoF. Let a, B, y, - - - denote a Hamel basis for the real numbers.® 
Hence every real number x can be expressed uniquely in the form 
x=aa+bB+cy+ --- where the numbers a, b,c,--- are either zero 
or rational and at most a finite number of them are different from 
zero. Hamel has shown that f may be arbitrarily defined for each of 
the numbers a, 8, y, - - - provided that if x=aa+b8+cy+ --- then 
F(x) =af(a) + --- . So let f(a) =1 and f(6) =f(y) =f(6) 
= =0.Sincea, b,c,--- are rational, it follows that for each real 
number x, f(x) is either rational or zero. Hence J; is totally discon- 
nected. 


THEOREM 4. There exists a function f such that I; intersects every 


perfect set in E not lying in the sum of a countable collection of vertical 
lines. 


ProoF. Since the collection of all perfect sets in E not lying in the 
sum of a countable collection of vertical lines is of power c (the power 
of the continuum),!° there exists a well ordering I of this collection 
such that the number of elements of I preceding an element of T is 
less than c. Let (x1, y1) denote a point of the first element of I’ such 
that x; +0. Define f(x:) to be and if x =7x:, where is zero or ra- 
tional, define f(x) to be rif(x1). Each element of T must contain points 
of ¢ distinct vertical lines, and f(x) is so far defined for less than c 
values of x. So let (x2, y2) denote a point of the second element of T 
such that x.+0 and f(x2) is not defined. Define f(xz) to be ye; and if 
x=11X1+fex2, where 7; and 72 are zero or rational, define f(x) to be 
tif (x1) +1ef(x2). In general, this process may be continued c times this 
way: If y is an element of I such that f(x) has been explicitly defined 
(as already indicated) by some point of each set of T preceding y in I, 


7See p. 193, Theorem 23, of R. L. Moore’s Foundations of Point Set Theory, 
loc. cit. 

8 Ibid., p. 195, Theorem 25. 

G. Hamel, loc. cit. 

10 Sierpinski’s Introduction to General Topology, translated by C. Cecilia Krieger, 
The University of Toronto Press, Toronto, 1934, p. 63. 
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then let (x,, y,) denote a point of y such that x, #0 and f(x,) has not 
been defined. Define f(x,) to be y, and if x=1x1+1rexe+ ---, where 
not more than a finite number of the rational numbers 1, f2, 73, - + ° 
are different from zero, define f(x) to be rif(x1)+ref(xe) + ---. By 
arguments similar to those of Hamel, it may be shown that this proc- 
ess defines a single-valued function f. Evidently J, intersects every 
perfect set in E not lying in a countable number of vertical lines. 


THEOREM 5. There exists a function f such that f is discontinuous but 
I; is connected." 


Theorem 5 follows from Theorems 2 and 4. 
THEOREM 6. If f is discontinuous, I; is punctiform.'? 


Proor. If I; contained a nondegenerate continuum, then J; would 
contain a bounded nondegenerate continuum and f would, therefore, 
be continuous for some value of x. But if f were continuous for some 
value of x, f would be continuous for all values of x, which is contrary 
to hypothesis. 


THEOREM 7. Suppose that G is a collection of subsets of E such that 
every vertical translation in E of a set of G produces a set which also be- 
longs to G. If I; contains a point of every element of G, then I; does not 
contain an element of G. 


Theorem 7 may be easily proved by an indirect argument. 


THEOREM 8. If the subset M of E is punctiform, then E—M is con- 
nected and locally connected.* 


2. Properties of J, when f is discontinuous but J; is connected. 
Let f be discontinuous, let J; be connected, and for simplicity let I 
denote I;. The following properties of I follow almost immediately 
from the preceding theorems and the elementary properties of f. 


Notation. The symbol w will be used to denote the point at infinity. 
If M is a point set and } is a real number, @+5 denotes the point 
set obtained by adding 5 to the ordinate of each point of M, the ab- 
scissa remaining unchanged. 


1 If f is discontinuous and J; is connected, by Theorem 2, J; must intersect every 
continuum not lying in the sum of a countable collection of vertical lines. But Jy need 
not intersect every perfect set not lying in the sum of a countable collection of vertical 
lines. I hope to include such an example in a paper pertaining more specifically to 
function theory and the Hamel basis. 

12 A set is said to be punctiform if it contains no nondegenerate continuum. 

18 See the argument on pp. 236 and 237 of Knaster and Kuratowski’s, Sur les en- 
sembles connexes, Fundamenta Mathematicae, vol. 2 (1921), pp. 206-255. 
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PROPERTY 1. Both I and E—I are connected and, hence, neither sepa- 
rates the plane. 


PROPERTY 2. (1) I contains no nondegenerate continuum," and (2) 
E—TI contains no continuum not lying in a vertical line. 


PROPERTY 3. The set I contains no bounded (nondegenerate) con- 
nected subset.® 


PROPERTY 4. Let I+ denote the set of all points of I with positive 
ordinates. Although I* is totally disconnected and every quasi-component 
of I* is degenerate, I*+ is quasi-connected.* 


PROPERTY 5. Let L denote a non-vertical line in E. Then I—I-L is 
totally disconnected and every quasi-compencui of I—I-L is degenerate 
but (I—I-L)+w ts biconnected.*" 


PROPERTY 6. Let H denote an interval of I. Then H is punctiform, 
connected, and irreducible between its end points.'* 


Remark. By Theorems 4 and 7, f exists so that J need not contain a 
perfect set. If this were the case, the sets (J —I-L)+wand Hin Proper- 
ties 5 and 6 respectively would contain no perfect subset of E or E+w.” 


Property 7. Let K denote >.(I+1r), where r ranges (vertically) over 
the set of rational numbers. Then both K and E—K are punctiform, con- 
nected and locally connected sets.?® 


Remark. If, as is shown to be possible by Theorems 4 and 7, I con- 
tains no perfect set, it follows from Theorem 7 that the set K in 


4 Cf. Sierpinski, Sur un ensemble punctiforme connexe, Fundamenta Mathematicae, 
vol. 1 (1920), pp. 7-10. 

16 Cf. Mazurkiewicz, Sur l’existence d'un ensemble plan connexe ne contenant aucun 
sous-ensemble connexe, borné, Fundamenta Mathematicae, vol. 2 (1921), pp. 96-103. 

16 Cf. §3 of Mazurkiewicz, Sur les ensembles quasi-connexes, Fundamenta Mathe- 
maticae, vol. 2 (1921), pp. 201-205. 

17 Cf. R. L. Wilder, A point set which has no true quasi-components which becomes 
connected upon the addition of a single point, this Bulletin, vol. 33 (1927), pp. 423-427. 
Cf. Example a@ of §5 of Knaster and Kuratowski, Sur les ensembles connexes, loc. cit. 

18 Cf., ibid., §5, Example 8. 

19 Cf., ibid., §5, Examples y and 4. For a function whose image is a punctiform, 
connected, inner limiting (Gs) set, see page 306 of Kuratowski and Sierpinski, Les 
fonctions de classe 1 et ensembles connexes punctiformes, Fundamenta Mathematicae, 
vol. 3 (1922), pp. 303-313. 

20 Cf. R. L. Moore, A connected and regular point set which contains no are, this 
Bulletin, vol. 32 (1926), pp. 331-332; R. L. Wilder, A connected and regular point set 
which has no subcontinuum, Transactions of this Society, vol. 29 (1927), pp. 332-340. 
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Property 7 contains no perfect set.?! Furthermore, since the set of 
real numbers contains a subset R such that every perfect subset of 
the real numbers contains a number in R and a number not in R, it 
is clear that if J contains no perfect subset of E and the range of r 
is R (instead of the rational numbers), then the sets K and E—K in 
Property 7 are both connected and locally connected but neither con- 
tains a perfect subset of E.?? 


Property 8. Let S denote a space whose points are the points of I 
and in which “limit point” has the same meaning that it does in E. Then 
(1) Sis metric, connected, convex, and separable, but contains no compact 
nondegenerate continuum; (2) S is linearly ordered and continuous with 
respect io this order; (3) S is the sum of countably many totally discon- 
nected, arbitrarily small domains; (4) if F denotes the points of S belong- 
ing to a circlein E and M denotes the points of S which are on or inside 
this circle in E, then although M contains no nondegenerate quasi-com- 
ponent, M is not the sum of two nonvacuous mutually separate sets one 
of which contains F; (5) S contains a totally disconnected closed set of 
which not every point 1s a limit point of its complement. 


Property 8 gives rise to a number of questions. Particularly, is 
every point of a totally disconnected closed subset of a connected and 
linearly ordered complete metric space a limit point of its complement? 


3. Plane geometry. If one defines a line (in the cartesian plane) 
to be the set of all points (x, y) satisfying an equation of either the 
form x =a (where a is a constant) or the form y =f(x)-+mx+b (where 
m and b are constants which may be different for different lines, but f 
is the same function for all lines of this type and J; is connected), then 
one gets a curious approximation to euclidean plane geometry. In this 
geometry translation would be a rigid motion but rotation would not. 
Also in this geometry a triangle would cut the plane but would not 
separate the plane. 
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21 Cf. Knaster and Kuratowski, A connected and connected im kleinen point set 
which contains no perfect set, this Bulletin, vol. 33 (1927), pp. 106-109. 

2 Cf. Mazurkiewicz, Sur la décomposition d’un domaine en deux sous-ensembles 
punctiformes, Fundamenta Mathematicae, vol. 3 (1922), pp. 65-75. It follows from 
Theorem 8 that Bernstein’s (Berichte der Saechsischen Akademie der Wissenschaften, 
Leipzig, vol. 60 (1908), pp. 325-338) decomposition of the plane into two mutually 
exclusive sets such that every perfect set contains a point of each of them, as random 
as this process is, always produces two connected and locally connected sets. This fact 
is certainly known to many mathematicians and has probably been pointed out else- 
where. 


A REMARK ON THE CARDINAL OF LIMIT SPACES 
WALTER S. SNYDER 


In this note we show that any nonvacuous set can be topologized 
to form a compact L* space,! and thus the cardinal of such spaces is 
unrestricted. 

If S is normally ordered and the order has a last element we may 
define lim sup {a} to be the first element of the order which precedes 
only a finite number of the terms of {a,}, and lim inf {a,} to be the 
first element of the order which is preceded by, or equals, infinitely 
many terms of {a,}. We term a sequence {a,} convergent if and 
only if lim inf {a,} =lim sup {a,}, and the common element is de- 
fined to be the limit. The reader will verify that this defines a com- 
pact L* space. Our result thus appears as a consequence of the well 
known Zermelo theorem to the effect that any set can be normally 
ordered. 

Our result can be obtained, however, without the use of normal 
ordering, though the topologization is perhaps less natural. 

Let S be a given set and x» a fixed element of S. We define the class 
of convergent sequences together with their limits to consist of: 

(a) All sequences {a,} for which a, =a for sufficiently large n, and 
the limit is a. 

(b) All sequences { an} in which xo is the only element of S occur- 
ring infinitely often (including the case in which no element of S 
occurs infinitely often), and the limit is defined to be x in either case. 
It is easily verified that this defines a compact L* space in S. 


STATE UNIVERSITY 


Received by the editors April 11, 1941. 

1 An L* space is a limit space in which certain sequences are designated as con- 
vergent, and a limit assigned to each in such a way that 

(1) a, a, a, - - - converges to a. 

(2) “{an} converges to a” implies “every subsequence of {a,} converges to a.” 

(3) If {an} does not converge to a there exists a subsequence of {an}, say {bn}, 
such that no subsequence of {b,} converges to a. The space is compact if every 
sequence has a convergent subsequence. (See Kuratowski, Topologie, vol. 1, p. 76, or 
Fréchet, Les Espaces Abstraits.) 
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A NOTE ON REPRESENTATION BY POLYGONAL NUMBERS 
L. W. GRIFFITHS 


1. Introduction. The universal functions of polygonal numbers of 
order m+2 were determined in an earlier paper.' In each universal 
function the number 2 of variables was at most m+2. The minimum 
value N of n, for each integer m 23, will be proved in this paper to 
be the integer N defined by (3). It will also be proved that there is a 
unique universal function having »=N if and only if m=3, 4, 
2N-2—2, 2N-2—1. A universal function having n=N is given by the 
integers (4). At least one universal function different from this func- 
tion is given by the integers (6) if m3, 4, 2¥-*—2, 2"-?—1, and if 
(7) and (8) hold. 


2. Proofs. In the notations of the paper to which reference has 
been made m was an arbitrary but fixed integer greater than or equal 
to 3. The coefficients a, a2, -- + , @, in the universal functions were 
positive integers to be determined, and 1Sai:S --- Sa,. Also, by 
definition, w,=a1+ --- +a, (1Sk<n). It was proved that no func- 
tion is universal if w,<m-+2, and that if w,=m-+2 then the func- 
tion f is universal if and only if f is one of the following: 


(1) (1,1, 1,1, 1) or (1,1,1,2), with m = 3 and = m-+ 2, 
(2) (1,1, 1, 5k Sn), 
but 2 > 5anda; + 3 if a, = 1. 


Thus N=4 if m=3. It will be proved that if m>3 then the minimum 
m is the integer N uniquely defined by 


(3) <m — 1. 


Consider the sequence of integers 1, 1, 1, 2, 2?,---, 2*%,---+ in 
which the ith term is 2** if 723. The sum of the first 7 terms is 
2**+1 if 123. Now let f be a universal function which satisfies (2). 
Then it is easily proved by induction that a, 2*-* and w,<2*-?+1 
(3SkSn). Hence if »<N this would imply in particular that 
m+2=w,32*-?+1<2%-*+1. This contradiction of (3) when n<N 
shows that n2N. Furthermore N25 since m>3 in (3). 


Presented to the Society, April 11, 1941, under the title The minimum number of 
variables in universal functions of polygonal numbers; received by the editors April 11, 
1941. 

1L. W. Griffiths, A generalization of the Fermat theorem on polygonal numbers, 
Annals of Mathematics, (2), vol. 31 (1930), pp. 1-12. 
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That N is the minimum value of will be proved now, by exhibit- 
ing a function satisfying (2) and having n= WN. This function has as 
its coefficients the integers 


after they have been arranged in order of increasing magnitude. This 
can be done because by (3) with W ZS there is a unique integer J such 
that OS JS N—3 and 27 sm+1-—2%-* <2/+1, It is easily verified that 
the rearranged integers (4) satisfy all the conditions in (2). 

The function defined by (4) is the only function satisfying (2) and 
having n=N if m=4. This is also true if 


(5) m= 2N-2—1 or 24-2— 2, 


Then m+1—2%- is or 2"-*—1 respectively, and the integers (4) 
require no rearrangement. Now if f is a function which satisfies (2) 
with n=N and is different from this exhibited function, then there 
is a coefficient a;<2*-* with N—1. Then wy. 52" and ay 
—1, and hence m+2=wy S 2"-?—1. This contradicts (5). 

The function defined by (4) is not the only function satisfying (2) 
and having n=N if m4, 2%-?—2, 2"-2—1. This will be proved by 
finding conditions on the integers b and c which are necessary and 
sufficient that the sequence 


yields, after rearrangement in order of increasing magnitude, the co- 
efficients of a function satisfying (2). Then values of 6 and c will be 
exhibited such that these conditions are satisfied and that the set of 
integers (6) is not the set (4). 

Let 5 be any integer such that 


(7) (m + 1 — 29-%)/2 56 S (m+ 1 — 2"-4)/2, bs 
and let c be defined by 
(8) c=m+1—2N-4+— 


It is easily seen that (8) is equivalent to the sum of the integers (6) 
being m+2, and that the second inequality in (7) is equivalent to 
bSc. If in b<c the integer b is replaced by its value from (8), and if 
(3) is applied, it is seen that c2>1+2%-. Hence c is the last integer 
after rearrangement of (6). Now the first inequality in (7) is equiva- 
lent, by (8), to the fact that c+1 is at most the sum of the preceding 
integers in (6). By the last inequality in (7) it is easily verified that 
the rearranged integers (6) satisfy the remaining conditions in (2). 
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Now, if m is odd, then (m+1—2%-*)/2 is an integer which may be 
taken as the value of 6 since it satisfies the conditions (7). It is easily 
seen that the set (6), in which )>=(m+1—2%-*)/2 and c is deter- 
mined by (8), is not the set (4). However, if m is even and not equal 
to 2%-%, then b= (m+2—2%-*)/2 and c determined by (8) are integers 
which satisfy (7) and yield a set (6) which is not the set (4). But if 
m=2%-*, then N26 and b=2 satisfies the conditions (7) on b and 
yields a set (6) which is not the set (4). 

An interesting choice of integers 6 and c is that given by 
b=(m+1—2%-*)/2if misodd and less than or equal to —1), 
but by b=(m—2%-*)/2 if m is even and less than or equal to 
(2%-4*+42%-%). Then (6) require no rearrangement, and c is respec- 
tively 6 or b+1. The resulting integers (6) differ from (4) when 
m 2N-44-2N-3, 


NORTHWESTERN UNIVERSITY 


HAUSDORFF METHODS OF SUMMATION WHICH INCLUDE 
ALL OF THE CESARO METHODS 


H. L. GARABEDIAN 


1. Introduction. The transformation! 


on = "Cn: Sa 
n=0 
where c,= Siurdo(u) and {s,} is a given sequence, defines a regular 
method of summation of the sequence {sn} provided that $(z) is of 
bounded variation on the interval 0<u<1, continuous at u=0, and 


0 if 
= 41 if =1, 
3[o(u —0) + ¢o(u+0)] if OSu<1. 
If these conditions of regularity are fulfilled the sequence {cn} is said 
to be a regular moment sequence (briefly a regular sequence), the mass 
function $(u) is said to be a regular mass function, and the method of 
summation involved is called a Hausdorff method of summation ((1] or 
[2]) and is designated by the symbol [H, ¢(u) ]. 
Presented to the Society, February 22, 1941; received by the editors April 8, 1941. 


1 To define the symbolism used here we write Cn,n=m(m—1) +--+ (m—n-+1)/n}, 
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By properly specializing the mass function $() it is possible to ob- 
tain various well known methods of summation. For example, the 
mass function ¢(u) =1—(1—)*, a>0, defines Cesaro summability 
(C, a). The regular sequence associated with this mass function is 
(n=0, 1, 2, ). 

It is the object of this note to exhibit new Hausdorff methods of 
summation which have the rare property of including Cesaro sum- 
mability of all real and positive orders. 


2. A mass function ¢(u) independent of o for which [H, ¢(u)] 
D(C, «), ¢>0. In order to exhibit a regular mass function ¢() inde- 
pendent of o for which [H, ¢(u)]D(C, ¢), ¢>0, we write a theorem 
first stated by E. Hille and J. D. Tamarkin [3] which provides neces- 
sary and sufficient conditions in order that [H, $(u)]D(C, m) 
(n=1, 2,3, --- ). This theorem has recently been restated and proved 
in a paper by E. Hille, H. S. Wall, and this writer [4]. 


THEOREM 1. Necessary and sufficient conditions in order that 
[H, ¢(u)|D(C, 2), n=1, are 

(i) @(u) is absolutely continuous and has absolutely continuous de- 
rivatives of order equal to or less than n—1 for 0<uXl, 

(ii) has a finite right-hand derivative ¢™(u) for 0<u<1, 
and a finite left-hand derivative ¢(u) for 0<uS1, 


(iii) up’(u),---, are of 
bounded variation on the interval (0, 1), 

(iv) 1—@(u), o’(u), ---, tend to zero as u—1, 

(v) ++, urg{”(u) tend to 


zero as 


The simplest regular mass function which we have been able to find 
which fulfills all of the five conditions of Theorem 1 for all values of 
n= 1 is the function 


(2.1) ¢a(u) = 1 — exp {u/(u — 1)}. 
We observe that this function is monotone increasing on the interval 
(0, 1). If we modify (2.1) by writing 

¢(u) = [1 — exp {— au/(1 — uP a, B,y > 0, 
we obtain a mass function which also fulfills the conditions of Theo- 
rem 1 for all n21. 


3. A theorem due to Hausdorff [1, p. 90]. If a regular mass func- 
tion @(u) is continuous on the interval (0, 1), and if furthermore we 
set u=e-*, then the associated regular sequence takes the form 
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(3.1) = f e~"*@(x)dx, #2 =0,1,2,---, 
0 


where ®(x) =e—*9’(e—*) = ug’ (u). Hausdorff has proved the following 
theorem, involving the function ®(x) instead of the mass function 
$(u), which is closely related to Theorem 1 of the preceding section. 


THEOREM 2. If the functions ®(x), ®'(x), ®’'(x), - - - exist for x >0, if 
they are absolutely integrable on the interval (0, ©), and if they tend to 
zero as x—0, then the sequence (3.1) defines a regular method of summa- 
tion which includes all of the Ceséro methods. 


The hypotheses of this theorem imply that all of the functions in- 
volved tend to zero as x—>-+ ©. With this observation it is readily 
verified that the mass function 


“1 1 


when (x) satisfies the conditions of Theorem 2, fulfills the conditions 
of Theorem 1 for all n21. 

Examples due to Hausdorff of functions which fulfill the conditions 
of Theorem 2 are: 


= A exp ax — b/x} 2, a, b > 0; arbitrary, 
O(x) = Be-/2) b>0;\A <0, 
where A and B are normalizing factors which make ¢=1. If in particu- 
lar we have ®(x) =e—'/4*x~3/2/(271/2), the associated moment se- 


quence is c,=e—""”, (n=0, 1, 2, - - - ), and the associated regular mass 
function is 


1 | 1 \-3/2 
= {1/4 log t} ) dt. 


Like the function ¢,(u) of (2.1), the function ¢,(u) is a monotone in- 
creasing function on the interval (0, 1). 

In comparing the mass functions ¢,(u) and ¢,(u) we notice that 
¢.(u) is much simpler in form than ¢,(u). On the other hand the regu- 
lar sequence associated with ¢;(u) has a simple form, while the regular 
sequence associated with ¢,(u) cannot be computed in elementary 
terms. 


4. The difference matrix. In a recent paper [5] H. S. Wall and 
this writer have discussed properties of the difference matrix 
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A=(A"c,), where {cn} is a regular sequence. In particular it was ob- 
served that 


(4.1) = — u)"d¢(u), 
0 


and hence that the sequence A"c;, - - - ) is an essentially 
regular sequence,? the associated mass function being {$(1—1)"do(¢). 
We observe now for the first time that m need not be a positive in- 
teger, the integral in (4.1) affording a definition for the fractional 
differences involved here. 

If, for example, the mass functions ¢,(u) and ¢;(u) are inserted in 
the difference matrix new methods of summation are generated which 
have the property of including all of the Cesaro methods. The method 
of summation thus generated by the mass function ¢,(u) has the mass 
function 


o-(u) = 4foa — #)** exp {t/(t 1)} dt, c2=0, 
0 


where A is a normalizing factor which insures that ¢,(1)=1. On the 
basis of known results arising from inclusion problems in the differ- 
ence matrix [5] we make the conjecture that summability [H, ¢.(u) | 
increases in efficiency with increasing c. 
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2 An essentially regular sequence may be normalized or made regular by dividing 
every term of the sequence by its first term, 


A CHARACTERIZATION OF THE RADICAL OF AN ALGEBRA 
SAM PERLIS 
1. The first main result. We shall prove the following result. 


THEOREM 1. Let F be any field and A an algebra over F with a unity 
element. Then the radical of A consists of all elements h such that g+h 
ts regular for every regular g. 


Let H be the set of all elements h defined in the theorem. It is easy 
to see that H is a linear set over F. We shall prove now that if A is 
simple, H=0. 

Let g and g; be any regular elements of A and h be in H. Then 
gi'gt+h is regular so that g+g,h is regular. Hence gh is in H and 
similarly hg, is in H. An arbitrary element a of A has! the form 
1g; with regular elements g; so that ah g:h is a sum of ele- 
ments gih of H. Thus ah, and similarly ha, is in H so that H is an ideal 
of A. If H¥0 then H=A since A is simple. But A contains the regu- 
lar element —1, and (—1)-+1 is not regular so that 1 cannot be in H, 
whence H¥A. Hence H=0. 

Next we shall prove that H=0 whenever A is semi-simple. Now 
A=A,+A2+ --- +A; where the A; are simple, and each x of A 
has a unique expression x=da:+d2+ --- +a, with a; in A;. Fur- 
ther, x is regular if and only if each a; is a regular element of A;. 
Let g=git+ --- +g; be regular, h=h,+ --- +h, be in H, so that 
gth=(gith)+ --- +(g:+h,). Then g+A is regular for every regu- 
lar g if and only if g;+4; is regular in A; for every regular g; of A;. 
By the proof above for simple algebras every h;=0 so that h=0 and 
H=0. 

In considering the case of a general algebra A, we show first that 
the radical R is contained in H. Let g be regular and ¢ lie in R. Then 
g+r is regular if and only if 1+g~'7 is regular. Now g~'s is in R, 
(g-'r)*=0 for some integer ¢, (g~'r)?‘*1+1=1. If X is an indeter- 
minate, A+1 is a factor of \?‘+'+1 so that g-'r+1 is a factor of 
=1; hence, g-!7-+1 is regular, is regular, r is in H, 
and R is contained in H. 

It remains to prove that R contains H. Since A —R is semi-simple, 
the set H, defined for A —R, similarly to H for A, is the zero set. If g 
is regular in A and his in H, the class [g+h] in A —R is a regular ele- 
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ment of A —R. But [g+h]=[g]+[h], and [g] varies over all? regular 
elements of A —R so that [h] must be in Hy= [0] = R. Hence h is in R, 
H is contained in R, H=R, and the proof of the theorem is complete. 


2. Extension to arbitrary algebras. The theorem above is applicable 
to algebras A» without a unity element in the sense that by adjoining 
a unity element to Ao we do not alter its radical. To see this, let Ro 
be the radical of Ao and R the radical of the corresponding algebra A 
with a unity element. Every element of A has the unique form 
a@=a+d with a in F, ao in Ao. If 79 is in Ro then arop=aro+daoro is a 
sum of elements of Ro, aro is nilpotent, 79 is properly nilpotent in A, 
so that Ro<R. Conversely, let r be in R so that r‘=0 for some in- 
teger t, r=o+So with o in F, so in Ao, r'=o'+5,;=0 with s; in Ao. 
Then s;=0, o=0 so that r=so in Ao. But r is properly nilpotent in A, 
hence in Ao, hence r is in Ro, RE Ro, R=Ro. 

While the fact just proved enables one to apply Theorem 1 to arbi- 
trary algebras, nevertheless it is desirable to obtain a criterion not 
dependent on the unity element, as Professor Marshall Hall has 
pointed out to the author. The remainder of this section is devoted to 
this purpose. 

If A is an algebra without a unity element, the symbol A’ will be 
used throughout the paper to denote the algebra obtained from A by 
adjoining a unity element. If A has a unity element, A’ is defined 
to be A. 


DEFINITION. An element x of an algebra will be called “quasi-regular” 
in case there is an element y in the algebra such that 


(1) zstayty=d, 
and then y will be called the “quasi-inverse” of x. 


Since (1+x)(1+y) =1+x+xy+y, we see at once that if an element 
x of A is quasi-regular in A, then 1+ is regular in A’; and conversely, 
if 1+ is regular in A’ for x in A, then x is quasi-regular in A’, and 
actually in A as the following result shows. 


Lemna 1. Let A be an algebra over F. If A=A', a quantity of A is 
regular if and only if it has the form 1+-x where x is quasi-regular. If 
AA’, a quantity of A’ is regular if and only tf it is expressible as 
a(1+x) where a is a nonzero element of F and x is a quast-regular ele- 
ment of A. 


2 For, if [b] is any regular element of A—R, then [b}[c]=[1], bc=1+r with r in 
R. Since we have already proved RSH it follows that 1+, is regular, bc is regular, so 
that 0 is regular. 
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The case A =A’ is completed by the remark above the statement 
of the lemma. In the case A #A’ the same remark shows that if x 
is quasi-regular in A, then 1+ x is regular and so is a(i1+ x). Con- 
versely, let g=a+<po be any regular element of A’ with a in F and x» 
in A. We readily find that a0 so that g=a(1+2x), 1+< is regular, 
and 


(1+ x)(6+ y) =B+ =1 


for some 8 in F and y in A. Since Bx+xy+y is in A and 6 is in F, we 
must have 8=1, x+xy+y=0, so that x is quasi-regular. 

Observe that this lemma provides unique expressions for the regu- 
lar quantities of A’. 

If x is quasi-regular in A, its quasi-inverse is the unique element y 
such that 1+y is the inverse of 1+x. Moreover, 


whence xy=yx. Finally, the inverse 1+-y of the regular element 1+ 
is known to be a polynomial in 1+ so that y is a polynomial in x. 


LemMA 2. If x is a quasi-regular element of an algebra A, its quasi- 
inverse is unique, is a polynomial in x, and commutes with x. 


We now obtain the following main criterion. 


THEOREM 2. Let A be an algebra over a field F. Then an element r 
of A is in the radical of A if and only if x+-ar is quasi-regular in A for 
every x of A which is quasi-regular and every a of F. 


If x is quasi-regular and r is in the radical, ar is in the radical of 
both A and A’, 1+ x is regular in A’, and thus 1+x+ar is regular 
by Theorem 1. By Lemma 1 the element x+ar of A must be quasi- 
regular. Conversely, suppose that r is an element of A with the prop- 
erty stated in the theorem. Any regular element g of A’ has the form 
g=a+ax, a0 in F, and x quasi-regular in A. By hypothesis x+a7—'r 
is quasi-regular so that 


h=1+x+a7'¢ 


is regular, and ah=g-++r is regular. By Theorem 1 the element 7 is in 
the radical of A’, hence in the radical of A. 

A common characterization of the radical is that it consists of zero 
and all properly nilpotent elements. It may be noticed that this char- 
acterization is strongly in contrast with the present ones which are 
phrased in terms of addition rather than multiplication and are con- 
cerned with preserving regularity rather than nilpotency. 
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3. Some applications. As an application let us consider bound alge- 
bras which have been studied by M. Hall.* In his Theorem 3.6, Hall 
found that a bound algebra A contains three pairwise orthogonal 
idempotents é2, with the following properties. If A;=e;Ae; 
(t=1, 2, 3) and R is the radical of A, then 

(1) A is the supplementary sum A =A;+A2+(Asz, R); 

(2) Re. =0, aR=0; 

(3) A; and A, are semi-simple. 

We shall prove: 


I. If A has a unity element e, then e=e,:+e2+¢3. 


For proof, let es=e—(e:te2+es) so that eo is either zero or an 
idempotent orthogonal to each e;. By property (1) we have ep) =a1+a2 
+(a3+7) with a; in A;, r in R, and we may always assume, without 
loss of generality, that either a;=0 or else a; is not in R. By the or- 
thogonality of the e; and property (2) we have = 0 e2¢9 =0 
Now €0¢3=0=a3+17e3, €3= in R so that a;=0. Then 
éo=r in R so that é9 cannot be idempotent and we have eo=0. 

Next we again assume that A has a unity element and prove: 


II. If x=a,:=a2+(a3+7) is any element of A, a; in A;, r in R, then 
x is regular if and only if each a; is regular in A;. 


Since r is in R, x is regular if and only if y=a,+a2+a; is regular. 
If z=b,+02+(b3+s) is an element of A, b;in A;, sin R, then 


ab; + debe + a3b3 + 51, in R, 


and =e=e,tet+e; if and only if ayb; =, = é2, a3b3 = €3 — $1. 
Hence a; and az must be regular in their respective algebras. The third 
equation above shows that s; must be in A; as well as in R, hence in 
the radical of A;. Then es;—s; is a regular element of A3, a3b3 is regular 
in A3, so that a; likewise must be regular in A3. Conversely, if each a; 
has an inverse 5; in A;, it is clear that },+52+; is the inverse of 

An analogue of II not requiring a unity element will now be ob- 
tained. 


III. Let x =a:+a2+(a3+7) be an element of a bound algebra A. Then 
x ts quasi-regular if and only if each a; 1s quasi-regular in Aj. 


3 The position of the radical in an algebra, Transactions of this Society, vol. 48 
(1940), pp. 391-404. A “bound algebra” A with radical R is an algebra with the 
property that if xR= Rx=0 for x in A, then x is in R. Hall has reduced the structure 
theory of arbitrary algebras to that of bound algebras and semi-simple algebras. 
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By Theorem 2 the element x is quasi-regular if and only if x—r=y 
=4,+42+4; is quasi-regular. If each a; has a quasi-inverse b; in A;, 
then 29 has the property that so that 
y+y20+20=0, and y is quasi-regular. Conversely, suppose that y has 
a quasi-inverse =), +b.+(b3+s) with s in R and b; in A;. Then 


3 
(2) yt D(a: + 00; + + ys +5, 


t=] 
(3) a3 + a3b3 + b3 + ys +s =0, a; + ab; + = 0 
for i=1, 2. Thus a; and az are quasi-regular in A; and Az, respectively, 
and the quantity 
(4) c = a3 + a3); + bs = — 5 — ys 


is in A3, =c= —e35 —esys = —e35 — = —(€3+a3)s. Since y com- 
mutes with its quasi-inverse (Lemma 2), we have y+zy+z2=0 and 
as in (4) we are led to the equation 


(5) c’ = a3 + b3a3 + 63 = — 5 — SY. 
Hence c’ =c’es;= —s(e3+ a3). We have proved 

(6) c = — (e3 + asz)s, c! = — s(e3 + as). 
Now =es+c¢ =e3— so that 

(7) (es + as)(es + bs + s) = es. 
Likewise, by forming =e3+c’ we find 
(8) (e3 + b3 + s)(€3 + a3) = és. 


Since é; is the unity element of A;, the results (7) and (8) show that 
the element e;+<a; of A; is not a divisor of zero in A3. Thus e3+4; is a 
regular element of A; so that a3 must be quasi-regular. This completes 
the proof. 

One may observe that property (3) is an immediate consequence 
of the fact III and Theorem 2. Suppose that 7 is in the radical of Ai 
and x=a;+a2+(a3+r) is any quasi-regular element of A. Then a; is 
quasi-regular in A;, a1+ar; is quasi-regular in A; for every a of F, 
and x+ar,=(a,:+ar:) +a2+(a3+r) has the requisite form for a quasi- 
regular element of A. By Theorem 2 the quantity 7 is in R as well 
as in A;. But then r;=0 by property (1). Thus A; is semi-simple, and 
similarly A: is semi-simple. 


UNIVERSITY OF MICHIGAN 


AN EXTENSION OF A THEOREM OF WITT 
BURTON W. JONES 


1. Introduction. If u;, - - - , u, isa set of vectors such that ui; 
are numbers of a field K for i, 7=1, 2, - - - , m, all linear combinations 
of these vectors with coefficients in K constitute a vector space 


S = , Un) 


over K and the symmetric matrix &=(ua,;) =(a;i;) is the multiplica- 
tion table for the basis m1, - - - , Us. The inner product of two vectors 
and is the bilinear form 


and the norm of a vector is the inner product of a vector and itself; 
it can be expressed as a quadratic form. 

If € is a nonsingular transformation with coefficients in K and 
(m1, ---, the v’s will constitute a new basis of 
the same space © and the multiplication table for the new matrix is 
€’AC. This has the same effect on the matrix of the quadratic form 
as the transformation (x, - -- , xn)’ =€(y1, ---, yn)’. The 
quadratic forms f; and fe are equivalent (in K) if one may be taken 
into the other by a nonsingular transformation with coefficients in K. 
Then the corresponding vector spaces are said to be equivalent (in K). 
We write fi=fz and 

It should be noted, in passing, that two vector spaces may be equiv- 
alent without being identical. For example, if »=3 and 


100 
1/01 0 


it is true that (m1, t2)=(ue, us). However, an isomorphism may be es- 
tablished between two sets of vectors having the same multiplication 
table. 

Two vectors u and » are orthogonal if uy =0. Two vector spaces are 
orthogonal if every vector of one is orthogonal to every vector of the 
other. Two subspaces, ©; and Gs, of S are complementary if every 
vector of © is the sum of a vector of GS; and a vector of Ge. If G 
and ©, are complementary orthogonal subspaces of © we write 
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S=6,+G:. This is a direct sum if S has no radical, that is, if its 
multiplication table is nonsingular. 

Ernst Witt! proved a theorem which we shall state in two different 
ways. K is a field of characteristic not equal to 2 and the spaces have 
no radicals. 


THEOREM A. If Gi, S2 and G3 are vector spaces over K and G, and S; 
are orthogonal to then + Ss; implies 


THEOREM B. If f is a quadratic form in x,---, x, and g and 
h are quadratic forms in x,41,°--, Xn (with coefficients in K) then 
f+g=ft+h implies g=h. 


If the field K is replaced by a ring R we may make definitions analo- 
gous to those above. The vector space then becomes a vector lattice, 
% (in the old-fashioned sense), and the transformations € of the bases 
must, together with their inverses, have elements in the ring. Witt’s 
restriction of convenience that the space shall have no radical is not 
necessary here except that any result stated in terms of quadratic forms 
assumes that the forms are not equivalent to forms of fewer variables. 

This paper proves that Witt’s result also holds for vector lattices 
over any ring of p-adic integers for which p is odd. We shall call such 
a ring an odd p-adic integer ring and denote it by R,. The case p=2 
presents difficulties all its own which we hope to resolve in a later 
paper. The completion of such a result would establish the theorem 


that if f is a quadratic form in x, - - - , x, and g and hk quadratic forms 
iN X41, °° * , Xn, then f+g and f+A are of the same genus if and only 
if g and hare. 


The machinery which Witt set up for fields breaks down completely 
in at least two essential points when applied to R,. Hence our Lem- 
mas 3 and 4 have no analogues in Witt’s theory. 

It will be recalled that if a, b and ¢ are integers in a p-adic field, 
a=b (mod c) means that (a—b)/c is a p-adic integer; in other words, 
the highest power of p dividing c is a divisor of the highest power of p 
dividing a—b. Also it is true that if a and b are p-adic integers and if 
for g an arbitrary power of p there is a p-adic integer x such that 
ax =b (mod gq) then there is a p-adic integer x such that ax =b. When 
we say that a set of vectors are linearly independent or dependent we 
mean independence or dependence (mod )). 

It was surmised by a referee and has been established by the author 
that with only trivial and obvious modifications the lemmas and final 


1 Theorie der quadratischen Formen in beliebigen Kérpern, Journal fiir die reine und 
angewandte Mathematik, vol. 176 (1937), pp. 31-48. 
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result of this paper hold equally well for vector lattices over any ring of 
Y-adic integers when is any ideal prime to 2 in a field of algebraic 
numbers. The multiplication tables (that is, the matrices of the quad- 
ratic forms) as well as the transformations of bases and their inverses 
will have, of course, integers of the ring as elements. 


"2. Lemmas. We now prove the following lemmas: 


LemMA 1. Let an n-dimensional lattice 2 with coefficients in a p-adic 
integer ring be defined by the vectors t1,---, Un, let v1,---, Vr ber 
linearly independent (mod p) vectors of this lattice. Then there exist vec- 
tors Vr41,°°*, On defining a complementary orthogonal lattice to 
{vi,---, D-) im 2 af and only if the highest power of p dividing the 
determinant of the first r columns of matrix A (or B) below is a divisor 
of the g.c.d. of all determinants formed by replacing one of the first 
r columns by one of the last n. 


2 
| ? 
2 
0 0 
2 0 0 
| 0,01 v, 0,0, 
where v2.1, --- , define a complementary (not necessarily orthogonal) 
space to (ti,---, 0,) in %. For this lemma it is not necessary that p be 


odd. 


Proor. First note that there is indeed a complementary lattice 
(v9.1, ---, v2). That one may use or follows from the fact that 
the last n —r columns of the latter are linear combinations with coeffi- 
cients in the ring of the last m columns of the former and the last 2 
columns of the former are linear combinations of the » columns of 


the latter. 
Set 
vi = bist; + Dy k=rt+i,---,m. 
i=1 
Then 


Tr 0 
= Dd + j=1,---,7. 


t=] 
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For any k we can choose r integers so that )v;=0 for j=1,---,7 
if and only if the conditions of the theorem hold, using matrix %. 


LEMMA 2. Every n-dimensional lattice 2 in a ring R, of p-adic in- 
tegers (p odd) has a basis wi, - - - , Un such that 


= (um) + (uy). 


This is a rather well known result.” 

In the lemmas that follow, uw, - - - , U» is a canonical basis of a lattice 
2 over the p-adic integer ring, p odd, that is, 2=(m)+ --- +(a,). 
The c’s are integers of the ring. 


LemMa 3. If v=cote+ and (mod for 
3,---, n—1, there exists a --- such that 
vov =0 and Vo has an orthogonal complementary space in (Ue, - - - , Un) 
unless for each k such that 2<k<n-—1 one of the following holds: 

1. (mod pexuz) and c.=0 (mod pexs1). This implies 
u2,;=0 (mod p*u?). 

2. u2 and are units and 


i + ——— = 0 (mod 9). 
k+1k+1 
Furthermore, such a vo can be found if 2 holds for two successive values 
of k. 


Proor. Throughout this proof it is understood that 2SkSn—1° 
Choose ¥9 = cuz +Ux41. Using Lemma 1, we seek to determine c so that 
(1) vov and (2) and vou,=cu? are =0 
(mod v2) where 

1. Suppose (mod and c.41=0 (mod Choose c 
so that (1) holds and have 


22 Cke+1 2 2 
cy = —— =0 (mod puss) 
Ck 
which implies v240 (mod pu?,1). Also cu2= (mod 


uz,,) and hence condition (2) holds. 
2. Suppose cx4:i41/(c.u2) is a unit. Choose c so that (1) holds and 


2 See, for example, Lemma 8 of C. L. Siegel’s Uber die analytische Theorie der 
quadratischen Formen, Annals of Mathematics, (2), vol. 36 (1935), pp. 527-606. In 
the statement of this lemma there is a misprint. Rp should be replaced by Gp. The 
corresponding theorem for ¥-adic integers is in the third paper of the same series, 
Annals of Mathematics, (2), vol. 38 (1937), p. 240. 


1942] A THEOREM OF WITT 137 


see that is a unit. If ug=0 (mod puj,:) or (mod (2) is 
seen to hold. We then have difficulty only if the first two parts of 
Condition 2 of the theorem hold and if in addition u?, ,+cu2=0 (mod 
puz). Then (1) implies 


22 
cu = 
and thus 
2 
1+ 0 (mod 
For the final remark notice that 
23 2 
1 2 = 0 (mod 9) 
ye 
implies 
22 
= 0 (mod 9), 


and replace ux4: by t+2 to have the existence of 00. 


Remark. Condition 1 of the above lemma may be weakened but 
only by making the statement more complex and less manageable. 
That there is not always a v9 orthogonal to » and having a comple- 
mentary orthogonal space is shown by the following example: 

Let = 1; uz = p? and v= pile+ Us. We show that no dette + 
exists for which »ov=0 and which has an orthogonal complementary 
lattice in (ue, 3). Now vov=0 implies b2= — pb3 and since Yo can have 
a complementary orthogonal lattice only if b3 is prime to p, we take 
b3=1 and have — pie+us. Now (gitte+ gotts) = — + g2p? = 0 im- 
plies g:=0 (mod p). Hence 

| 
£1 


and ¥» has no complementary orthogonal lattice. 


1 
| = 0 (mod 9) 
£2 


LemMA 4. Jf (01, +--+, +++, Un) are two canonical lattices 
with and 


Di = Ci + Colle +--+ + 
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while v,—cu, has the property that, for each k for which 2Sksn—1, 
either 1 or 2 of Lemma 3 holds and if 2 does not hold for two successive 
values of k, then 


(D2, Dn) (ue, , Un). 


Proor. The lemma is obvious if m= 2. Henceforth assume n 23. By 
renumbering Ue, --~-, Un, if necessary, we can have ¢;4:1u2,:=0 (mod 
cat?) for i=2, ---, as in Lemma 3. 

We may write v;=)°%_,ciat; where c1j=c; and the determinant of 
the coefficients is prime to p. Write 


Ci ** 


We know A,#0 (mod ). Assume (what we shall soon prove) that 
30 (mod p). We now show that we may renumber be, - - , Da, 
if necessary, to make A;#0 (mod p) for 2Sisn. Assume A;_1#0 
(mod ~); the Laplace expansion of A, shows that the matrix Jt; com- 
posed of the first i columns of A, is of rank 7. The first i— 1 rows of M; 
are linearly independent and not all the remaining n—i+1 rows of 
M; are linearly dependent on them. 

Notice that Cacaue+ ore + Cin€ and viv;=0 if 

We next proceed to prove some preliminary results. 

I. couz=0 (mod c,u?). Suppose the contrary were the case, that is, 
cuz =0 (mod pe2uz). We have, by Lemma 3, two cases to consider. 

Case 1. If (mod and cz=0 (mod for all i>2, then 
implies ciecuz=0 (mod and hence ci=0 (mod for 
4>1. Since if n=3, c=0 (mod p); and hence A,=0 (mod p), which is 
false. 

Case 2. If cuu?=0 (mod and (mod pc;) for i>3 while 
Condition 2 of Lemma 3 holds for k=2, then »,v;=0 implies 
+ (mod pc2u3) (for i=1, Condition 2 of Lemma 3 im- 
plies the congruence). Hence A,=0 (mod ), contrary to fact. 

II. c:=¢1 40 (mod p). (This shows A;#0 (mod p),i=1,---, 7.) 
We know v3—Gu?=0 (mod cu2). Hence 
(mod ¢,u?) and u?=0 (mod cu’). 

III. For k>r21 it is true that 


2 2 2 
= = = O (mod 1,41). 


If r22 we know that in all cases of the previous lemma u?,,=0 
(mod u?). Hence for r=1 we have for each k>r, 


Cie Ci 
| 
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2 
= t+ + jelly = 0 (mod forj =1,---,7, 


and since A,#0 (mod p) we have the desired result. 
IV. If u24:=0 (mod pu?) then u2,;=0 (mod pu?) for 2Si<r and 
III implies 


= Crp = O (mod for each k > r. 


V. =0 (mod for all k>2 or >3 according as u3=0 (mod pu3) 
or not. A glance at Lemma 3 shows 


2 2 2 
= + + = (mod poalts). 


If (mod pu3) then csu2=0 (mod pc2u2) and IV shows cz, and 
hence by I, cx: are congruent to 0 (mod ) for k>2. Otherwise uj=0 
(mod while u3/u2 and are units; then IV implies and cis 
and hence cx are congruent to 0 (mod ) for k>3. This also holds for 
all k=2, if perchance c2u3=0 (mod 

We now have two cases to consider corresponding to the two cases 
of Lemma 3. In what follows 7 is some fixed one of 2, 3, - - - , #. In the 
first place we assume that either 1=2 and Case 1 holds for k=2, or 
4>2 and Case 1 holds for k=i and k=i—1; we then show that 
(v;)=(u;). In the second place we assume that Case 2 holds for k=1; 
then, with one exception which is dealt with separately, we show that 
(Di, (us, 

Case 1. Suppose ¢;;12,;=0 (mod pew?), (mod and 
u2,;=0 (mod pu?) for all j for which 1Sj<n—i, while caf=0 
(mod (mod pc;) and u?=0 (mod for all for 
which 1—2>j21.Ifi>2 take r=i—1and k=i, in IV above and have 
C= +++ (mod p) and V shows that ¢;,=0 (mod p). Hence 
A;#0 (mod implies c;;40 (mod p). If implies c.=0 
(mod p) and A240 (mod ) implies c240 (mod p). Hence in both 
cases ¢;;#0 (mod p). 

In III above put r=i—1, k= and have 


=---= = 0 (mod u,). 
But v{=ca(cau?)+ --- (mod pu?) and hence we have 
shown »?=0 (mod u?). If i>2 we have shown above that ca=--- 


(mod p) and hence (mod pu’). If i=2, vide 
+ =0 (mod peo?) and c, #0 (mod implies = — 
(mod pc2u3/u?). Hence 


223 Colle 2 2 2 
Carll: = Co —— (mod cette) 
| 
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and c=0 (mod ) shows ¢,u?=0 (mod pu3). In both cases, then, we 
have (mod pu?) which implies (mod q) is solvable 
for g, an arbitrary power of p. Hence there exists a unit 5 in R, such 
that v? = 

Case 2. Suppose 3Sit+isn, w3/u24, and ci/ci4: are units, 
(mod p), (mod (mod 
U2,;=0 (mod for all j for which n—i2=j22. Also 
(mod u?=0 (mod pu?_,) for all j such that 15j<i—1. Re- 
call I and II above. 

Taking r=i—1 in IV and using V we have 


Ce = = O (mod fork =i,i+1andi>2. 
This with A;,:40 (mod p) implies 


Cit Cii+1 
B; = # 0 (mod 9). 
Citti 
The last holds even if i=2 unless n=3 and #40 (mod p) since n>3 
implies ¢.=c;=0 (mod p). We postpone this exceptional case. 
Take r=i—1 in III above and have 


= = = 0 (mod fork = i,i+1. 
Now 
De = + + (mod pu), 
and 
Cn = = (mod fork =i,i+1iandi>2 
implies 


2 2 2 
2 2 2 3 
2 2 


The argument in Case 1 for i=2 may be used here to show that the 
three congruences above hold even when i= 2 except in the case post- 
poned above. In fact, if uj=0 (mod pu?), III implies coa=cs=0 
(mod p), B,40 (mod p) and the argument used in Case 1 carries 
through to show that the three congruences hold. We thus postpone 
the case in which n=3, c2c340 (mod p) and u3/u? is a unit. 

Divide the three congruences by u?; let d=u?,,/uj. The resulting 
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situation is covered by the next lemma which shows that there are 
p-adic integers a, b, c, e such that ae—bc is prime to p and 
2 2 2 2 
= (au; + , = (cs + ettiys) , 
(au; + buss) (cu; + = 


Hence 141). 

It remains to consider the postponed case n=3, c.¢3;40 (mod p) 
and u3/u? is a unit. Then Gu3+Guz3=0 (mod pu?) implies that 
=0 (mod pu?) and hence c:=0 (mod contrary to fact. 


Lema 5. If the congruences 
x? + dy? = g; (mod p), 2? + dé? = ge (mod p), xz + dyt = gs (mod 9), 


with d#0 (mod Pp), have solutions Xo, Vor 20, to with Xolo— 
(x: 1 p), then there are p-adic integers x, y, 2, t such that x?+dy?=g, 
2°+-dt? = go, xz-+-dyt= gs and xt—zy#0 (mod 


Proor. To prove the lemma, assume that Xo, yo, 20, fo is a solution 
of the congruences with p replaced by g. We seek an x, y, 2, so that 


(xo + gx)? + d(yo + gy)? = g1 (mod pq), 
(20 + 92)? + d(to + gt)? = g2 (mod 99), 
(xo + 9x)(20 + gz) + d(yo + gy) (to + gt) = gs (mod pg). 
That is, 
xox + dyoy = hy (mod pf), 
202 + dtot = he (mod 
+ 20x + d(yot + toy) = hs (mod 


for some integers /1, hz and hs. The matrix of the coefficients on the 
left is 


Z0 dito Xo 
which is of rank 3 (mod p). 
3. Final results. We have the following theorems. 


THEOREM 1. (ti, -- ,0,) and (ti, - , Un) are two equivalent lat- 
tices in a ring Ry of p-adic integers (p odd) and if v2=ui~0 and 
iv; = 71, then 


| 
Xo d Yo 0 0 
0 0 Zo dt 
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(Ba, Un) (us, - Un). 


Proor. Assume the theorem true for all lesser values of n. Also, 
(De, - ++, 0.) and (te, - --, u,) may be considered to be in canonical 
form. Lemma 4 establishes the theorem unless Lemma 3 applies. We 
then have the existence of a vector 0» such that ov: = Dou: =0 and do 
has an orthogonal complementary space in (ue, ---, u,) and hence 
such a space, (vo)*, in 2=(m, Un), that is, Then 
where? and Ul are the complementary or- 
thogonal spaces of (v;) and (i), respectively, in (vo)*. By the hypothe- 
sis of the induction and L&(vo)+ (v1) + + (in) +U im- 


plies 
(D2, +, Dn) = (Wo) + BS (vo) + U = (ue, --- , ta). 


THEOREM 2. [f lattices 2, and % over a ring R, of p-adic integers 
(p odd) have no radical, then 


implies 
> &. 


This theorem is easily established by induction using Lemma 2 and 
Theorem 1. It may also be stated in terms of quadratic forms in a 
manner analogous to Theorem B. 


CorRNELL UNIVERSITY 


2 The existence of B (and similarly of 11) follows from Lemma 1 since ¥} is a divisor 
of the product of »; by any vector of 2 and hence of (vo)*. 


EXPANSIONS IN SERIES OF NON-ORTHOGONAL 
FUNCTIONS 


R. V. CHURCHILL 


1. Introduction. Let ¢,(x) (¢=1, 2, - - - ) be the normalized charac- 
teristic functions of the Sturm-Liouville problem 


d/{_d¢ 
+ (AP + = 0, 
Aog’(0) + Boo(0) = 0, + Big(1) = 0, 


in which the functions P, Q, and R are continuous, and R>0, P>0, 
when 0<x <1. The set of functions {¢,(x)} is closed with respect to 
the class L?(0, 1), in the sense that Parseval’s relation, 


J Pftdx = >| f 


is satisfied by every function f of that class. This fact can be deduced 
readily from a theorem by Kellogg! on the completeness of the set of 
solutions of the self-adjoint problem of the second order. It can also 
be obtained from a result found by Dixon.? 

In terms of two functions f and G of the class L?(0, 1), Parseval’s 
relation can be written 


1 2 1 1 
f PjGdx = f f PGoidx = f PG¢idx, 
0 1 0 0 1 0 


where c; are the Fourier constants of f. If G=g/P when 0<x<¢ and 


G=0 when ¢<x <1, where the function g belongs to L?(0, 1), it follows 
that 


t oo t 
(1) f | goidx, 
0 1 0 


Presented to the Society in two parts, the first under the title On an extension of 
the Sturm-Liouville development on April 14, 1939, and the second under the title 
Term-wise integration of Sturm-Liouville expansions on April 12, 1940; received by the 
editors April 25, 1941. 

10. D. Kellog, Note on closure of orthogonal sets, this Bulletin, vol. 27 (1920), 
pp. 165-169. 

2 A. C. Dixon, On the series of Sturm-Liouville, as derived from a pair of funda- 
mental integral equations instead of a differential equation, Philosophical Transactions 
of the Royal Society of London, (A), vol. 211 (1912), pp. 411-432; pp. 431, 432. 
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The convergence of this series is uniform with respect to ¢ (0S$#1). 
For, according to Cauchy’s inequality, 


af goidx| S | (f sodz) |, 


But the Parseval relation is true for the function G, so that 


> Be 3 t g? 1 g? 
Sars f — dx. 


Since the series }- °c? converges, the uniform convergence of the series 
in (1) becomes apparent. 

Hence the generalized Fourier series Drei: (x) corresponding to f can 
be multiplied by g and integrated term by term to give the uniformly con- 
vergent representation (1). 

It is our purpose to use this integration process to derive an expan- 
sion in series of the characteristic functions of the following problem: 


y+ A+ =9, 

(2) aoy(0) + — = 0, 

ary(1) + y(1) + diy’(1) = 0, 
in which the function g is continuous in the interval (0, 1); the a’s 
and 6’s are constants, and b)20, b,20. Problems of this type arise 
in a variety of boundary problems in partial differential equations.* 


In view of the differential equation, the boundary conditions can 
be written 


y’(0) + [ao + bog(0) + bor] ¥(0) = 0, 
y’(1) + [ar — big(1) — y(1) = 0, 


thus showing how the parameter J is involved in those conditions. 
If \; and A; are two distinct characteristic numbers of the system (2), 
and yi, y; the corresponding characteristic functions, it follows by a 
familiar procedure that 


3 See, for example, R. E. Langer, A problem in diffusion or in the flow of heat for a 
solid in contact with a fluid, Téhoku Mathematical Journal, vol. 35 (1932), pp. 260- 
275; S. Timoshenko, Vibration Problems in Engineering, 1928, pp. 209, 217. Expansion 
theorems for the case g=0 will be found in the first of these references; also see 
A. Kneser, Integralgleichungen, 1922, pp. 117-121. 

* Theories have been developed, under hypotheses that are quite different from 
those with which we are concerned here, applying to general boundary value problems 
which have the form (2) as a special case. See, for instance, W. T. Reid, American 
Journal of Mathematics, vol. 54 (1932), pp. 769-790, and J. Tamarkin, Mathe- 
matische Zeitschrift, vol. 27 (1927), pp. 1-54. 


(3) 
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d 


Hence, in view of (3), the characteristic functions of (2) satisfy the 
modified orthogonality relation 


(5) B( yi, = 9, 


where 


Biyi, = f yiy dx + boyi(0)y (0) + biyi(1)y,(1). 


2. An associated Sturm-Liouville problem. Since b)520 and },20, 
problem (2) has an infinite set of real characteristic numbers \; 
(4=0, 1, 2,--+ ; ---), and the corresponding charac- 
teristic function y; has exactly i zeros in the interval 0<x<1.5 Ac- 
cording to the conditions (3), none of the functions vanishes at either 
boundary. We assume henceforth that the sign of yo(x) has been so 
adjusted that yo >0 when 0Sx<1. 

Now let the functions Y; be defined as follows: 


dxL yo(x) 


Then, in view of (4), 
ds 
— i) = (Ao — Aa) 
dx 

and therefore 


dats 
(6) —| — (yo¥s) | + Os — 0) = 0. 
dxLy; dx 
Replacing y/ by yoYityé yi/yoand yi’ by yoY/ +2y¢ Vitye’ yi/yo 
in the first boundary condition 


aoyi(0) + yi (0) — boyi’ (0) = 0, 


we find that the resulting coefficient of y;(0) is [aoyo(0)+~0 (0) 
— boyd’ (0) ]/y0(0). This vanishes because yo satisfies the boundary 
condition. Proceeding in the same way to express the second bound- 
ary condition of (2) in terms of Y;, and rewriting the differential equa- 
tion (6), we find that the functions Y;(x) (“¢=1, 2,---) are the 


5 See, for instance, E. L. Ince, Ordinary Differential Equations, 1927, pp. 231-235. 
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characteristic functions of the following Sturm-Liouville problem: 


d dY; 
+ — 2(ye + 2yoye’ = 0, 
(7) dx dx 

boyo(0)¥/ (0) — [yo(0) — 2boyd (0) = 0, 
bryo(1)¥{ (1) + [yo(1) + 2biyd (1) = 0. 


The characteristic numbers Xi, Az, -- - of problem (2) are clearly 
the characteristic numbers of (7) that correspond to the characteristic 
functions Y2,---. Except possibly for every characteristic 
number of (2) must also belong to this new system; but since all those 
of (7) are known to be real, all characteristic numbers of (2) must be 
real. 

In order to show that Y;(x) are the only characteristic functions 
of (7), let U(x) denote a solution corresponding to the value yu of the 
parameter written as \; in (7). Let u(x) be defined as follows: 


u(x) = yo(x) lf U(x)dx + c|, 
0 


where C is a constant yet to be determined. Since d(u/yo)/dx = U, it 
is easily seen that 


1 


d 2 u 
— (yoU) + (u — ro) —- 
Yo dx Yo 


| 


The derivative of the second member of this equation is zero, accord” 
ing to (6); therefore 


u” + (u+q)u = Kyo, 


where K is some constant; also, 


(8) u'+2 f Vir +C) = 
Yo 0 
If uo, there is one value of C for which K =0; for if x=0 in (8), 
1 
C=- [vo +2 (0) vo]. 
— Xo yo(0) 


By reversing the steps used to obtain the boundary conditions in 
(7), we find that u(x) satisfies the boundary conditions of the original 
problem (2). Since u’’+(u+q)u=0 when C has the above value, 
» must be one of the characteristic numbers A; (¢=1, 2, - - - ) of (2). 
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Now suppose up =Xpo. Let the corresponding function U be denoted 
by Uo. According to (8), 


(x) yo (0) 
Uk (2) U(x) = US (0) + 2~— UO). 
yo(x) yo(0) 
Since Us satisfies the first boundary condition of (7), it follows that 
1d 2 U,(0) 
— — = if bp ¥ 0, 
ye dx bo 
= Us (0) if bo = 0, 


and, after multiplying through by y3 and integrating, we obtain 


yo(1) Uo(1) 


U»(0) EO f | if by ¥ 0, 
bo 0 
(10) 


1 
Ué (0) f yodx if bo = 0. 
0 


Suppose b)+0. In view of the boundary conditions of (7), equation 
(9) with x=1 reduces to U(0)/bo= — Uo(1)/bi, if 5140. Therefore 
U,(0) and U,(1) must be of opposite sign, in contradiction to (10). 
If b:=0 then U,(1)=0; but Uo(0)¥0 so that (10) is again contra- 
dicted. 

When 6,=0 we find in like manner that Ug (0) = — Uo(1)/h:, if 
6,0, and this is contrary to (10). If 6:=0 also, then Uo(1)=0, and 
since Ug (0) the contradiction again appears. 

Therefore \» cannot be a characteristic number of the system (7), 
and the following theorem is established: 


THEOREM 1. Let Xo, Au, Ao, - - - be the set of characteristic numbers 
of problem (2), and yo, ¥2, the corresponding characteristic func- 
tions (yo>0). Then for the Sturm-Liouville problem (7), the complete set 
of characteristic numbers consists of 1, d2, - - - , and the corresponding 
characteristic functions Y;, Y2,---+ are related to those of the first prob- 
lem in the following way: 


yi(x) = Y (x)dx +c), i=1,2,---, 


where 
yo (0) 
yo(0) 


yi(0) 
yo(0) 


+2 


Ai — Ao 
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3. The expansion theorem. Let f(x) be such that the function 
d(f/yo)/dx belongs to the class L*(0, 1). The generalized Fourier series 
corresponding to the latter function, with respect to the functions Y;, 
is 


> AiY((x), 


1 1 d 
yo¥ idx f Yo Yidx, i=1,2,--- 
0 0 dx Yo. 


The formula (1), with g=1, applies to this series. Therefore, in view 
of the above relation between Y; and y;, we can write 


o dx\ yo 1 yo(x) yo(0) 

This is an expansion in terms of the non-orthogonal characteristic 

functions of problem (2). The convergence of the series is uniform. 

In order to improve the form of this result, we now assume that 

the derivative f’(x) exists and is bounded when 0 <x <1, and that it 


belongs to the class L(0, 1). The derivative of f/yo then belongs to 
L*(0, 1), and (11) can be written 


where 


(12) yo(0) f(x) — (0) yo(x) = — 


We can multiply all terms here by yo(x) and integrate over the in- 
terval (0, 1). The member on the right then becomes, in view of the 
modified orthogonality property (5), 


- Ad yo) ¥i(0) + bryo(1) [yo(0)¥e(1) — ys(0)y0(1) 


Using equation (12) with x=1 here, we can write this series as 

so that the result of our operations upon (12) becomes 


Hence the series appearing here converges and can be written 
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(13) = f(0) — Aoyo(0, 
where 
Bf, yo) 
‘ B(yo, Yo) 


The expansion (12) becomes, in view of (13), 


f(x) = 


The convergence is uniform, since the series in (13) converges and the 
series in (12) is uniformly convergent. 
To express the formula for A; (¢=1, 2, - - - ) in terms of y;, we write 


34) Yidx = (yori — )|+ (Ai — Ao) J 


Eliminating the boundary values of the derivatives with the aid of 
(3), we find that the second member here is equal to 


(Az — Ao) Bf, 


Finally, by replacing f by y:, we obtain at once the corresponding ex- 
pression for Y?dx. Therefore 


Bf, 
By, yi) 
We have included 1=0 here since this formula agrees with the one 


above for Ao. 
Our result can be stated as follows: 


(14) A; 


THEOREM 2. Let f(x) be any function whose derivative f'(x) exists 
throughout the interval (0, 1) and for which f'(x) is bounded and L-inte- 
grable in that interval. Then f(x) admits the representation 


f(x) = 
0 


where yi(x) are the characteristic functions of the differential system (2), 
and the coefficients A; are defined by (14). Moreover the convergence of 
this series to f(x) is uniform in the interval OS x1. 


THE UNIVERSITY OF MICHIGAN 


z 


ON CONVEX SETS IN LINEAR NORMED SPACES 
TRUMAN BOTTS 
M. Eidelheit has proved! this theorem. 


THEOREM. In a linear normed space two convex bodies (that is, convex 
sets with inner points) having no common inner points are separated? 


by a plane. 


The purpose of this note is to present a quite different and some- 
what simpler proof of this result.’ 
It is known‘ for linear normed spaces that 


(1) Through every boundary point of a convex body there passes a 
plane supporting the body. 


A convex cone with the point xo as vertex is defined as a convex 
body C containing at least one point x #x» and such that for each such 
point x in C, 


IV 
—) 


ax+(1—a)m EC, a 
It is easily seen that 


(2) Every supporting plane of a convex cone C passes through the 
vertex xo of the cone. 


For, let L(x) —b =0, where L(x) is a linear functional and b is a con- 
stant, define a plane of support of C passing through a boundary 
point y of C. Suppose for definiteness that 


L(x) <0 


holds for all points x in C. Then since every point of the form 
ay+(1—a)xo (a20) is a boundary point of C, 


L(ay + (1 — a=0, 


Presented to the Society, September 5, 1941; received by the editors May 6, 1941. 

1M. Eidelheit, Zur Theorie der konvexen Mengen in linearen normierten Réumen, 
Studia Mathematica, vol. 6 (1936), pp. 104-111. 

2 Two sets are separated by a plane provided they lie in opposite closed half- 
spaces of the plane. 

* Added in proof: There has recently been brought to my attention another proof 
of Eidelheit’s theorem by S. Kakutani, Proceedings of the Imperial Academy of 
Japan, vol. 13 (1937), pp. 93-94. The first part of the present proof is closely related 
to the first part of Kakutani’s proof. 

*See S. Mazur, Uber konvexen Mengen in linearen normierten Raumen, Studia 
Mathematica, vol. 4 (1933), p. 74. 
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whence by the linearity of L 


a(L(y) — b) + (1 — a)(L(x0) — 5) = 0, a20. 
But L(y) —b=0. Hence 
(1 — a)(L(%0) — 6) = 0, a20, 
and since the factor (1—a) can change sign, we must have 
L(x) — b = 0. 


Let K; and Kz be convex bodies with no common inner points. Let 
x; and x2 be inner points of K; and K2, respectively. There are unique 
boundary points x/ and x7 of Ki and Kz on the segment x,x,. Con- 
sider the (perhaps degenerate) segment 


L=x{x2. 


Let L; be the set of all points x€Z such that no segment joining x 
to an inner point of K; contains an inner point of Ke. The set Zi is 
non-empty, since xf €L;. Furthermore, since the complement of Z; 
in L is clearly open in L, L; is closed in L. Likewise, if L2 is analogously 
defined, Lz is a non-empty set closed in L. 

Suppose there exists a point x €L—(L,+L2). Then it is possible to 
join x to inner points y; and ye of K; and Kz such that there exist 
inner points 2; and z: of K; and Kz lying on the (open) segments 


XY2, 


respectively. But then the segments 


intersect in a point z which is interior to both Ki and K2, contradicting 
the hypothesis. Hence the supposition that L —(Z,+Zz) is non-empty 
is false, and L=Z,+Ls. 
It now follows from the connectedness of L that there exists a point 
xo€L,-Le. Let C; and C2 be the sets consisting of all points on rays 
from xo through the inner points of K; and Ke, respectively. 


(3) The sets C; and C2 are convex cones having no common points ex- 
cept Xo. 


The fact that Ci and C2, are convex cones is evident. If C; and Cz 
had a common point y#xo, then on the ray from xo through y there 
would have to be a point interior to Ki and a point interior to Ka, 
contradicting Le. 
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Take the point x» to be the origin @. Let C7 denote the reflection 
in the point @ of the cone C;: that is, Cr is the set of all points of the 
form —x, x€C;. The set C7 is a convex cone with 6 as vertex. Let C 
denote the set of all points of the form 


ax + (1 — a)y, 
where C2, yE Cy, and 0Sa <1. 


(4) The set C is a convex cone with 0 as vertex. Furthermore, C con- 
tains no point interior to Cy. 


The first statement in (4) is easily verified. That the second holds 
is seen as follows. Any point of C is of the form 


z=ax+(1—a)y, yECi, (0, 1]. 


Let x; be an inner point of C;. From (3) it follows that on the segment 
xx, there is a boundary point x{/ of C;. Now by (1) C; has a supporting 
plane H; passing through xj. Since the point x/ of H; is on the seg- 
ment x,x, the points x; and x lie in opposite closed half-spaces of Hy. 
Since x; is interior to C;, x; lies in the half-space of Hi containing C;. 
Hence the set C; and the point x lie in opposite closed half-spaces 
of Hi; that is, C; and x are separated by H;. By (2) @€© Mi, so that C; 
and y are separated by H;. Hence Hj separates the sets C; and xy, 
and the point z, which is contained in xy, cannot be interior to Cy. 

From (4) and (1) it now follows that C has a plane of support H 
passing through the point @. But H is then a plane of support of Cs. 
Likewise it is a plane of support of Cy and hence of C;. Since Cy and 
C2 are on the same side of H, C; and C; are separated by H. Therefore 
K, and Kz are separated by H. 
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FORCED OSCILLATIONS OF CONTINUOUS 
DYNAMICAL SYSTEMS 


W. H. INGRAM 


Introduction. The system of differential equations and boundary 
conditions 


(i,7=1, 2, ---,m,a<x<b) has application in the theory of the elec- 
trical transmission line, the diffusion of heat along thin rods and 
around thin rings and, when some of the u’s are employed to designate 
rates of change of other u’s, to vibrating strings, bars, air columns and 
other dynamical systems. The system of total differential equations 


(b) Y'(x) = (uA4+B)Y, W.Y(c) + W.Y(b) = 0, 


where = (a;;), B=(b:;), W.=(ai;), and where Y is a col- 
umnar matrix of elements each a function of x, may be obtained as 
the result of the Bernoulli-Taylor substitution u,(x, t) =€**y:(x) into 
(a). 

The system (b) has been the starting point for many researches 
centered around the problem of expressing an arbitrary function f or, 
more generally, a set of functions {f;}, in terms of its characteristic 
solutions. A solution of this problem in the simple case, having appli- 
cation to the uniform dissipationless vibrating string, was first ob- 
tained by Daniel Bernoulli about the year 1732 and a solution having 
application to the nonuniform string was first obtained by Liouville! 
one hundred years later. A purportedly more rigorous treatment of 
Liouville’s problem was given by Kneser? in 1904. Since that date 
a great many papers have appeared, having to do with the system 
(b) under one restriction or another, the most comprehensive of which 
are the papers by Bliss,? who obtained uniform convergence in his 
expansion theorem by requiring (b) to be “definitely” self-adjoint and 
by imposing a restriction on the functions f;, and Birkhoff and 
Langer‘ who considered the general case. 


Received by the editors May 7, 1941. 

1 Liouville, Journal de Mathématiques Pures et Appliquées, vol. 1 (1836), pp. 253, 
269. 

2 Kneser, Mathematische Annalen, vol. 58 (1904), p. 108. 

3 Bliss, Transactions of this Society, vol. 28 (1926), p. 576. 

4 Birkhoff and Langer, Proceedings of the American Academy of Arts and Sci- 
ences, vol. 58 (1923), p. 100. 
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In their paper, Birkhoff and Langer show how the biorthogonal 
properties of the characteristic solutions of the system (b) and of its 
adjoint can be used to obtain the coefficients c; in the representation 
F(x) =2c;. Yi(x), where the columnar matrices Y; are the character- 
istic solutions. This representation, with the scalar c;’s computed as 
stated, is one which well might be expected to be as satisfactory from 
the viewpoint of convergence as it appears to be from the viewpoint 
of computation, but it is admittedly formal in general. Whether there 
are any problems of practical importance that can be treated success- 
fully by Birkhoff and Langer’s theory and that, at the same time, do 
not come within the scope of the paper by Bliss is not known. It does 
not seem possible to find a proof that the coefficients computed with 
the use of the adjoint characteristic functions give an expansion that 
approximates the function in any satisfactory sense in the general 
case. Use of the characteristic solutions themselves, or of their real 
parts, gives an expansion which represents the function in the sense 
of least squares in certain cases but, since the characteristic solutions 
of the system (b) do not in general form an orthogonal set, the com- 
putation of the coefficients requires here the solution of a presumably 
infinite system of linear equations in the coefficients. The Bernoulli- 
Fourier problem, that is, the problem of system response to an arbi- 
trary external stress impressed upon a continuous dissipative dy- 
namical system, essentially an expansion problem, thus has had no 
solution in the general case up to the present. For a nearly arbitrary 
stress, that is, for a stress for which the Burkhardt transform can be 
represented by a linear combination of characteristic vector solutions 
of (b) assumed to have a Green’s matrix, a solution is given in the 
following pages, not only to the Bernoulli-Fourier problem for a sys- 
tem (a) having a Green’s matrix but also to the Heaviside problem, 
that is, the problem of the behavior of a dynamical system subsequent 
to the sudden imposition of the external forces. The two problems are 
treated in §§1 and 2, respectively. 


Notation. A column matrix, or vector, of elements 11;, Uoi, Uni 
is designated u;:. A line matrix of elements 041, vi2, - - - , Vin is desig- 
nated --v;. By W, [w], or (w;;) will be understood a square matrix 
with element w;; in the ith row and jth column. In vector equations, 
a column of zeros forming the columnar matrix 0: is written simply 0. 

The complex number p=a-+tw is called a modal number. The p's 
usually are called characteristic numbers but Hilbert prefers this 
name for their reciprocals. Since the y’s enumerate the modes of mo- 
tion of a dynamical system, the name modal number seems prefer- 
able to “proper number,” “Eigenwert” or “characteristic number.” 
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1. Sustained external forces. A matrix of elements G;,(x, £) which 
are continuous in x except possibly at x =£ and which have continu- 
ous first derivatives in x except at a finite number of points in the 
square aSx<b, aS<éSb) is called a Green’s matrix if it satisfies the 
steady-state equations for the system (a) and if the elements have the 
property: Gy(E+0, &) —Gy(E—0, = The existence and unique- 
ness of the Green’s matrix for the system (b) in which e4(x) and B(x) 
are matrices of piecewise continuous elements can be established by 
a slight and obvious generalization of the proof given by Birkhoff and 
Langer’ where the elements of e4 and B are assumed to be continuous. 
A necessary and sufficient condition for the existence of a Green’s 
matrix is that the system (b) with 4.=0 have no solution other than 
Y=0. 

The derivative of the Burkhardt transform of an integrable vector 
requires a more detailed discussion. After both sides of the equation 


in which U: is any columnar matrix of integrable elements continuous 
at x have been differentiated, there results 


d += > dG(«, 
G(x, pueda = f Wie +, G(x, x —0)U(x—0): 
— G(x, + 0)U(« + 0):, 


an equation in which the last two terms, asa consequence of the conti- 
nuity of the G’s, may be replaced by 


G(x + 0, x) U(x): — G(x — 0, x) U(x): = SU(x): 


to give the identity 
d b bd 


which will be referred to as Lemma I. It may be remarked parentheti- 
cally that the more general result 


Ge = Ge, + UC): 


5 Ibid., pp. 66-70. Every system (b) has an adjoint in the sense of Bliss but not in 
the sense of Birkhoff and Langer. In particular, the electrical transmission line 
grounded at both ends has no adjoint in the latter sense. 
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holds when 
Gis(x, &), dGis(x, &)/dx, --- , 
(i, 7=1, 2, --- , ) all are continuous in x and when 
dG; (x, 
ij 


and this generalization has application in those cases (for example, 
the vibrating string) where fewer equations of individually higher 
order are taken instead of (a) and for which U: satisfies the equation 


U(x, ): = f G(x, U(E, ): + UE, 


For the existence of modal functions in such cases it is necessary, as 
can be shown, to assume certain relationships between the ¢4’s with 
the result that the analysis is not more but less general than that of 
the equation (1.2) below. In any case, one arrives at the equation 
(1.8) after the usual Bernoulli-Taylor substitution. 

When (a) has a Green’s matrix, any solution of the equation 


du 


is a solution of the peat extension of (a) 
Ou; 
(c) Ox 


= 2b; (x)u; + e:(x, 2), 


+ B:ju(b)} = 0, 


as may be verified from the properties® of the Green’s functions and 
by virtue of Lemma I. Hence when the arbitrary external force and 
corresponding response are assumed to have the forms 


€1(x) COS wot ui(x) cos (wot — 81) 
€n(X) COS cot Un(x) COs (wot — Bn) 


appropriate to a sustained periodic disturbance in a dissipative sys- 
tem governed by (c), substitution into the equivalent equation (1.2) 
yields the system of integral equations 


6 Bliss, loc. cit., p. 571. 


1942] FORCED OSCILLATIONS 157 


b 
f G(x, DA + F(x):, 
(1.4) 


X(x): 


b 
f G(x, QW) 


obtained on letting ¢ take on the values 0 and 1/2», respectively, and 
where, as matters of notation 


cos By sin 
(1.5) W(2): = u2(x) cos Bs X(2): = ua(x) sin Bs 
n(x) cos Bn Un( x) ‘sin Bn 
(1.6) F(a): Gl, DEG, 0:48, 


that is, F(x): is the Burkhardt transform of E(x, 0):. 
The substitution u,(x, t)=«** cos (wt—8;)y.(x), appropriate to a 
free oscillation, into (1.2) with E:=0 gives the homogeneous system 


W(x): 
(1.7) 
X(x): 


b b 
f K(x, )W@:d + f K(a, )X(®):d8, 


b 
f K(x, + f K(x, &)X(®):48, 
where K(x, £)= G(x, )eA(E). 


The system (1.4) may be written as a single vector equation 


(1.8) U(x): =p f K(a, 2)U(8):d8 + F(2):, 


where U(x): = W(x): —tX(x): and ~=twy and the system (1.7) may 
be written in the same way if u=a+ ww, F(x): =0. 

If $,(x): is a solution of the homogeneous specialization of (1.8), 
that is, if ¢,(x): satisfies the equation 


with yw-=a,+iww, for one or more distinct modal numbers u, 
(r=1, 2,---) and if F(x): can be expressed in the form 
l 
(1.10) F(x): = 


r=1 


= 
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where ¢, is a scalar multiplier, then a particular solution of equation 
(1.8) is given by the expression 


(1.11) U(x): = > 


r=1 Mr — 


$,(x):, 


where / may be any natural number no matter how great. 

When n=1 and the kernel is symmetric, the infinite sums corre- 
sponding to (1.10) and (1.11) are known to be convergent in view 
of results obtained by Schmidt,’ and equation (1.11) becomes equiva- 
lent to the particular solution of the integral equation of the second 
kind with symmetric kernel given by him. When the kernel is not 
symmetric the convergence of the infinite sums in question to the 
function F(x): has not been established in any example and, as has 
been shown by Kowalewski,* the equation (1.9) may have no non- 
zero solution at all. It can be shown that when the solution - -, of 
the equation following has the property expressed by the equation 
=.:, the infinite series converges uniformly and abso- 
lutely and represents the Burkhardt® transform F(x): in the sense 
of least squares, but this relationship between the y’s and @’s, al- 
though holding in trivial cases, does not hold in general. 


If solutions --y, --W2,---, of the equation 
(1.12) = 208 
exist corresponding to the modal numbers jy, pe, - - - , uw: Of equation 


(1.9), then we have the following theorem: 


THeEoreEM I. If the series >-'_,c.o,(x): is designated by F(x):, then 


b b 


This follows immediately from the easily proved biorthogonality of 
the sets {--¥,}, {¢-:}. Thus if equation (1.9) with subscript r is pre- 
multiplied on both sides by --W,(x) and equation (1.12) with sub- 
script s is postmultiplied on both sides by ¢,(x): there result, after 
integration, 


7 Erhard Schmidt, Mathematische Annalen, vol. 63 (1907), p. 454. 

8 Cf. Love, Integral Equations, p. 117. 

® H. Burkhardt, Sur les fonctions de Green relatives 4 un domaine d’une dimension, 
Bulletin de la Société Mathématique de France, vol. 22 (1894), p. 71. The name 
“Burkhardt transform” for an expression of the form S?G(x, £)e(£)dé is due to 
H. Bateman. 
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b b b 


(1.13) 


pb 

a a a 

two equations in which the double integrals obviously must be zero 

when p.~p; since they are of equal value. 

As a corollary to Theorem I we have this statement: If F(x): is an 
arbitrary vector and a set of constants C1, C2,--- , C, are computed with 
the formula of Theorem I, then the series sums to the function or else the 
function is equal to no linear combination whatever of the Id’s. 

This corollary says nothing about the possibility of expressing an 
arbitrary function, or even the Burkhardt transform of an arbitrary’ 
function, as a uniformly convergent series in terms of the modal func- 
tions, but it is nevertheless of practical importance and is quite ade- 
quate to our theoretical needs in those more usual cases where only 
a limited number of modal functions are known. Suppose F(x): has 
been computed -from (1.6) for a given force function E(x, 0): and 


that a set of constants ¢;, G2, - - - , ¢; has been computed by the for- 
mula of Theorem I. Then the function D(x): given by the equation 
(1.14) D(x): = 


is to be compared with E(x, 0): and if sufficiently close to E(x, 0): 
from a physical standpoint to permit such a restatement of the prob- 
lem then the function D(x): is taken as the initially given force func- 
tion and a particular solution of the equations of motion is given by 
(1.11) with the c’s as in (1.14). If D(x): is deemed an inadequate 
representation of E(x, 0): and the situation is not improved by en- 
largement of the sets gu, -- - , Ws, , then there is no 
solution possible of the kind considered. 


2. The Heaviside problem. It was pointed out by Bateman’® in 
1910 that the Laplace transform of the function u satisfying a partial 
differential equation of the form 


Ou 0 

ot Ox Oy a2 
and linear boundary conditions independent of the time will satisfy 
the same boundary conditions and in general a simpler differential 


10H. Bateman, Proceedings of the Cambridge Philosophical Society, vol. 15 
(1910), p. 423. 
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equation provided the value of u at time ¢=0 be known, and applica- 
tion of the theory was made in a heat conduction problem and in a 
physical problem involving a system of linear differential equations. 
Since then the Laplace transformation has been resorted to in treat- 
ments by many authors"! of similar differential equations governing 
vibration and diffusion problems in which external forces are sud- 
denly imposed at time ¢=0 at one or more regions thereof. In the 
present section a solution of the problem of the behavior of a dy- 
namical system having a Green’s matrix following the sudden applica- 
tion of an external force is obtained as an inversion of a series solution 
of an integral equation satisfied by the Laplace transform. 

When the substitution u;(x, t) =e*' cos (wt —6;)y;:(x) is appropriate 
to the system (a), u;(x, t) has the Laplace transform u#(x, u) and (c) 
may be written 


du#(x, 


dx 


(2.1) 
+ 2a;;(x)uj(x, 0) + e*(x, 


ai + f(b, u)} = 0, 


where, as matters of notation, 


(2.2) = t)dt, e*(x, -f e*te(x, 
0 0 


Assuming, as in Heaviside, 


(2.3) t) = 0, <i<0, 
de,(x, t) 
(2.4) —— = 0, t>0, 
dt 
equations (2.1) may be written as the vector differential system 
dU¢: 


(2.5) = {ucA(x) + B(x)} UF + wEd(x):, 


[a]U#(a, + u): = 0, 


where E(x): stands for E(x, 0+): with matric elements e;(x, 0+) 
(¢=1,2,---,n). 


" The bibliography in Doetsch’s book, Theorie und Anwendung der Laplace- Trans- 
formation, omits reference to papers and books by van der Pol, Philosophical Maga- 
zine, vol. 8 (1929), p. 861; Dalzell, Proceedings of the Physical Society, vol. 42 (1930); 
Humbert, Le Calcul Symbolique, Paris, 1929; Dahr, Operational Calculus, Stockholm, 
1935, and the paper by Bateman. 
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Now G(x, &) satisfies, identically in £, the system 


dG(x, 
(2.6) = B(x) G(x, ), [a] G(a, + [8] Gi, =0 


as before and [2G(x, £) { ue4(t) U*(E): +u-'Eo(£): satisfies (2.5) 


because of the property (1.1); hence equivalent to (2.5) there is the 
equation 


b 
(2.7) = +p f G(x, 


where 


(2.8) Fo(2): = f G(x, 


Any solution of (2.7) satisfies (2.5) as may be directly verified. 
When F,(x): can be represented by the sum >! 1¢-(r)b-(x):, we 
have 


(2.9) Us(x, = #-(x): 
— 
a particular solution of equation (2.7), by the result (1.11), and 
1 
(2.10) ): = — (x, u):dp 


by the Riemann-Mellin inversion formula, it being assumed that the 
u's have negative real part. Dependence of the initial state of the sys- 
tem on the zero of time is indicated by the subscript r. 

When the constant vector E: initially applied at time ¢=0 is 
abruptly increased at time t=7 by the increment AZ,(x):, the total 
response at any time ¢>r is given, in accordance with (2.10), by the 
equation 


1 
(2.11) U(z,4: = —f {e"U#(x, pw): + & AUF (x, 
in which 
(2.12) AUF (x, = ,(x):. 
(ur — 


It follows, as in the usual applications of Duhamel’s theorem, that 
the response to a variable vector force E(x, ¢):, applied abruptly at 
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time ¢=0 but varying in a continuous manner thereafter, is given by 
the equation 


U(2,8::= 


(2.13) aU*(x, 
in which ‘ 
(2.14) = r(x): 
(ur — 


as before; 7 is the time of application of the external force. This 
result is rigorous when E(x, t): can be expressed in the form 
(x)-(x): and when ©. From physical considerations it 
seems probable that it is more generally correct. 

Of particular interest is the case where E(x, t): is given by 


(2.15) E(x, #): = eo sin (Qt — f G(x, 


Equation (2.13) here takes the form 

— 


(2.16) U#(x, uw): = Deo sin — B) 
(ur — 


so that we have 


éosinB et 


U(2,0: 
(x, 2): = Do 


2 ett t 
+ f f cos (Qr — B)drdp 
cio (ur — 


(2.17) 


a solution which reduces, after computation of the integrals, to 
sin B — QcosB 
+ 0? 

sin (Qt — + 


U(x, t): = x)? { 
(2.18) 


cos (Qt — 


a result in which the steady-state and damped oscillations are easily 
identifiable and in which the characteristic phenomena of resonance 
are exhibited. 


New York, N. Y. 
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NOTE ON THE COEFFICIENTS OF OVERCONVERGENT 
POWER SERIES 


J. L. WALSH 


M. B. Porter gave the first known example of an overconvergent 
power series, that is to say, of a power series in the complex variable 
with finite radius of convergence such that a suitable sequence of 
partial sums converges uniformly in a region containing in its interior 
both points inside and points outside the circle of convergence. 
Bourion has recently published! a general exposition of the theory of 
overconvergence to which the reader is referred for further historical 
and technical details. 

Ostrowski established the surprising result that a power series 
of which the partial sums 5m,=) exhibit overconver- 
gence, can be expressed as the sum of a power series bey 2" with a 
larger radius of convergence and a power series of the form 


(1) at's", ac’ =0, whenever m <n < m 
0 


where 7; and ) are suitably chosen, with m,<An,, 0<A<1. Here we 
have a,=a,/ +a,’, -a,/’ =0; the partial sums =) 2" of 
(1) also exhibit overconvergence. 

It is the object of the present note to employ methods already 
known in the literature to make Ostrowski’s result slightly more pre- 
cise, especially to indicate that in series (1) the gaps cannot be 
uniquely defined with abrupt initial and terminal elements impossi- 
ble of alteration by Ostrowski’s process of writing the series as the 
sum of a series with a larger radius of convergence and a series with 
larger gaps which exhibits overconvergence. The moduli of the coeffi- 
cients a,’ must taper off gradually before the gap (mz, m,), and must 
increase gradually after the end of the gap; this remark is to be under- 
stood first in the sense that there is an upper limit to the moduli of 
the coefficients near the ends of a gap, a limit which increases as one 
moves away from the gap. 


Presented to the Society April 27, 1940, under the title Note on overconvergent power 
series; received by the editors January 30, 1941, and, in revised form July 26, 1941. 

1 L’ Ultraconvergence dans les Séries de Taylor, Actualités Scientifiques et Indus- 
trielles, no. 472, Paris, 1937. 
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THEOREM 1. Let the series 


(2) D 


n=0 
whose radius of convergence is unity: 


(3) lim sup | 


1, 


have the gaps (m,, m1), (me, m2),--- in the sense that c,=0 whenever 
and let the sequence of partial sums Sm,(2) =)" ex- 
hibit overconvergence. If Ro>1 ts arbitrary, there exists o depending on 
Ro with 0<a@<1 such that 


(4) lim sup [| R 


if to<1 is arbitrary, there exists tr depending on ro with r>1 such that 


ly 7 (lim nk/vk)— 
(5) lim sup [| ¢,|, > mJ]. 
The only novelty in Theorem 1 is its emphasis on (4) and (5) for 
the series (2) which overconverges and which possesses gaps, rather 
than for a series which overconverges and into which gaps may be 
introduced by Ostrowski’s process; compare Bourion loc. cit., chap. 1, 
§2. 
With the general notation 


Cauchy’s inequality yields 
(6) [max | s,(z)|, for |z| = Ro>1] =| col, | cr] Ro ---, | Rj; 
(7) [max | r.(z)|, for | z| = ro < 1] =| cass | | | 


Under the hypothesis of Theorem 1 we have for suitable o and r 
(these inequalities follow from the fact of overconvergence by the use 
of a suitable harmonic majorant) 


(8) lim sup [max | sm,(2)|, for |z| = Ro] = Rs, 

(9) lim sup [max | ra,(z)|, for |z| = = 10. 


By virtue of (6) and (8) we have 
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(10) lim sup [| ¢,, | S < Ri, 


which implies (4); by virtue of (7) and (9) we have 


S 1, 


(11) lim sup [| cy| -r0', ve > ma)” 
nyo 
which implies (5). Theorem 1 is established. The first member of (4) 
is less than unity so long as we have lim sup m;/y;<1/o, and the first 
member of (5) is less than unity so long as we have lim inf n,/v,>1/r. 
A further description of the tapering-off of the moduli of the coeffi- 
cients can be elaborated as follows. Under the conditions of Theorem 
1, there exists a sequence cy, with lim | =1; if necessary 
we change the notation of m:, m:., p, so that we have also.m<m <1 
<mM2<m2<p2< --+.Itisnow more convenient to employ (10) rather 
than (4); by setting ui = we find 


lim inf m:/pi-1 = 1/0; 


consequently the numbers m;,—;_1 cannot be small relative to pz_1. 
In a similar manner we find from (11) with ».= 2; 


lim sup S 1/7; 


consequently the numbers ~,—; cannot be small relative to p,. It 
will be noticed that with our present notation the moduli of the coeffi- 
cients do taper off from the | cp, | , at least immediately before and 
after the gaps, because the second members of (4) and (5) are less 
than unity for u,.=m, and for »,=n,+1. But we have not shown, nor 
is it true, that the moduli of the coefficients necessarily taper off 
monotonically. 

As an application of Theorem 1 we prove (compare Bourion, chap. 
2, §4) the following theorem: 


THEOREM 2. Let the series (2) have the radius of convergence unity, 
so that (3) is satisfied. Let unity be an isolated limit point of the set 
{ | ca| un} Let one of the following conditions be satisfied: 

(a) the series has gaps of relative lengths bounded from zero, in the 
sense that c,=0 whenever m,<nZnx, with m,<dnz, 

(b) for some Ry>1 and o, 0<o0 <1, and for some sequence m,, equa- 
tion (8) ts valid; 

(c) for some ro<1 and t>1 and for some sequence n,, equation (9) 
1s valid. 

Then the unit circle is a natural boundary for the series (2). 
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If the unit circle is not a natural boundary for the series (2), the 
function f(z) represented is analytic along some arc A of the unit 
circle, and Ostrowski has shown that the conditions (a), (b), (c) imply 
overconvergence of the respective sequences Sm,(Z), Sm,(2), Sn,(2) 
across the arc A. 

Let us suppose that no limit point of the sequence {|c,|!/"} other 
than unity lies in some interval (1, 1—7), 7 >0; we set 


Ca = Cay if | > 1 — 4n, 
cs = 0, if | 1 — 
Cn! = Cn — 


filz) = Caz", = 2%, = filz) + fe(z). 


The series defining f2(z) has a radius of convergence greater than 
unity; any overconvergent sequence for f(z) is an overconvergent se- 
quence for f,(z); it follows from Theorem 1 that f;(z) has no overcon- 
vergent sequence. Theorem 2 is established. 

A necessary condition that a series (2) with (3) satisfied exhibit 
overconvergence is therefore that unity be a non-isolated limit point 
of the set { un} 

It is instructive in considering Theorem 1 to compare such an ex- 
ample as >> [z(z+1)]*", suggested by Bourion as a special case of 
Porter’s original formulas; the function represented has the lemnis- 
cate | 2(s+1)| =1 as a natural boundary; the Taylor development 
about the origin is convergent in the circle | z| <4351/2—3=0.6; the 
coefficients exhibit the characteristics described in Theorem 1. 
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The coordinate system (p. 427) in which H =x” for some fixed value 
of y and f,,=0 exists if and only if f4H,,H,;+0 for this value of y. 
Hence Theorem 3.1 is valid only if this inequality holds. The remain- 
ing case, namely, 


(3.15) = 9 


for every y can arise only if c=0, as may be seen by differentiating 
(3.15) covariantly with respect to k and using (3.7). We note that, in 
accordance with (3.8) and (3.9), c=0 implies that a=b=0. To obtain 
the analogue of Theorem 3.1 for the case in which (3.15) holds, we 
proceed in a manner analogous to that in H. W. Brinkmann, loc. cit., 
pp. 131-135 or A. Fialkow, Conformal geodesics, Transactions of this 
Society, vol. 45 (1939), p. 473. By these methods, we find a coordinate 
system such that H =<” for a fixed value of y and 


= 0, ys = 0, 1, 
where s, t=1, 2,---, —2. In this coordinate system, the charac- 


teristic condition (3.7) becomes 0g;;/0x*-'=0. (In the Transactions 
paper, this last equation appears incorrectly as 0g,,/0x"-!=0.) 

If the f;; are to be the components of the metric tensor of an Ein- 
stein space E,, then, as was shown by Brinkmann, the first funda- 
mental form of Z, may be written as 


Sat = Ia (x*, x"), Son = 0, Sun = 0, 
= 1, = 0, = 0, 


where h,,dx*dx‘ with x” constant is the first fundamental form of an 
Einstein space E,-2 of zero mean curvature, and the components of 
the tensor h,, satisfy certain partial differential equations. According 
to Brinkmann, the conditions (3.16) are the necessary and sufficient 
conditions that EZ, be conformal to another Einstein space by means 
of a transformation d3=ads with A,o =f‘‘c,,0,;=0. We note that the 
most general solution for H of the form H=H(x", y) is given by 
(3.13). Now this solution H(x”, y) must involve x* by the hypothesis 


(3.16) 
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of §3 and must also depend upon y since g**H,.H,,0 and, according 
to (3.1) and (3.15), (0H/dy)?. Hence the first 
fundamental form of the E,,:; which contains the «! isometric E,’s is 


ds? = fijdxidxi + e[a(y)x” + B(y) 


where the f;; satisfy (3.16) and a0 and (da/dy)?+(dB/dy)?+0. 
These remarks show that Theorem 3.1 must be modified in the case 
where (3.15) holds so that the phrase “A;o#0” is replaced by the 
phrase “A,o=0.” Both cases may be included in the theorem: 


THEOREM. A one-parameter family of isometric E,,’s may be imbedded 
as «©! nonparallel, totally geodesic hypersurfaces of an E,+, tf and only 
if each E, may be mapped conformally on another Einstein space. If a 
and b are the mean curvatures of Ens: and E, respectively, then 
nb =(n—1)a. 
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